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Part  A)  Introduction 

\  "  7  '  i  4--  a.  uCr\o 

J  In  this  chapter  s  sismarize  our  investigation  of  the  reflecting 
properties  of  x-ray  multilayers.  The  breadth  of  this  investigation 
indicates  the  utility  of  the  difference  equation  formalimn  in  the  analysis 
of  such  structures.  The  formalism  is  particularly  useful  in  analysing 
multilayers  whose  structure  is  not  a  simple  periodic  bilayer.  The 
complexity  in  structure  can  be  either  intentional,  as  in  multilayers  made 
by  in-situ  reflectance  monitoring#  or  it  can  be  a  consequence  of  a 
degradation  mechanism,  such  as  random  thickness  errors  or  interlayer 
diffusion. 

Both  the  analysis  of  thickness  errors  and  the  analysis  of  interlayer 
diffusion  are  conceptually  simple#  effectively  one-dimensional  problems 
that  are  straightforward  to  pose.  \  Bad)  problem  has  recieved  attention 


that  are  straiahtforward  to^poae^v  Bach  problem  has  recieved  attention 
from  previous  authors  (Shellan,  et  el.  1978;  underwood  and  Barbee#  1982)  , 


and  in  each 


we  have  been  able  to  significantly  extend  previous  work 


with  m  analysis  that  uses  the  difference  equation  formalism. 

it  /Ae./ 

- In  ^df  analysis  of  in-situ  reflectance  monitoring#,^  provide  a 

quantitative  wderstanding  of  an  experimentally  successful  process  that 
has  not  previously  been  treated  theoretically.  —  — 
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s  As  x-ray  multilayers  cane  into  wider  use,  there  will  undoubtedly  be 
an  increasing  need  for  a  aore  precise  understanding  of  their  reflecting 
properties.  Thus,  we'Wpeul  that  in  the  future  aore  detailed  modeling 
will  be  undertaken  of  less  easily  specified  structures  than  those  above. 

-Jkr  believe  that  ear  formalism  will  oontinue  to  prove  useful  in  the 
aodeling  of  these  aore  complex  structures. 

One  such  structure  that  aay  be  of  interest  is  that  of  a  multilayer 
degraded  fcy  interfacial  roughness.^  Vo  date  there  has  been  one  direct 
experimental  indication  that  roughness  produoes  a  detectable  effect  an 
multilayer  performance  (Spiller  et  al.,  1280,  see  sec.  XXX-1).  We  have 
used  the  difference  equation  formalin  to  make  a  preliminary  investigation 
of  the  effect  of  roughness  on  multilayer  reflectivity. 

Thus  far  our  treatment  is  not  general,  in  that  we  only  treat  certain 
limiting  case  kinds  of  roughness  that  may  or  may  not  resemble  the 
roughness  actually  present  in  multilayers.  Further,  the  formalin  that  we 
use  to  treat  roughness  makes  new  assumptions  about  the  nultilayer 
structure  in  addition  to  those  made  in  Chapter  II;  these  new  assumptions 
are  due  to  Eastman  (1978) ,  and  in  effect  reduce  the  three-dimensional 
rough  structure  to  a  structure  that  is  quasi-one-dimensional.  The 
applicability  of  these  new  assort  ions  to  x-ray  multilayers  is 
considerably  less  certain  than  are  those  made  in  sec.  XX-1. 

For  these  two  reasons,  and  for  the  sake  of  brevity,  we  have  chosen 
not  to  include  this  preliminary  treatment  of  roughness  in  the  analysis 
presented  in  Chapter  XX.  The  results  of  Oiapters  XX  and  XXX  are 
Bunmarized  in  part  B  of  this  section  (sec.  IV- 1) . 


A 


We  simmarize  our  initial  investigation  of  roughness  in  part  A  of 
section  IV— 2  r  section  IV-2  as  a  whole  deals  with  suggestions  for  future 
work.  In  the  sane  section  we  discuss,  in  a  general  way,  the  basis  for 
Measurements  with  which  a  future  experimental  program  might  characterize 
the  kinds  of  defects  present  in  multilayers.  The  roughness  analysis 
indicates  that  roughness  of  different  kinds  (along  with  other  kinds  of 
structural  defects)  may  produce  qualitatively  different  signatures  in  the 
reflecting  properties  of  miltilayers.  Part  B  of  section  II  concludes  with 
same  suggestions  for  other  future  investigations  based  on  the  results  of 


the  present  work. 
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Part  B)  Simmary  of  Chapter*  XX  and  XXX 

Our  analysi*  is  based  on  a  characteristic  matrix  solution  we  derive 
for  the  wit  cell  of  an  x-ray  multilayer  (eq.  II-1-14) .  Our  formalism 
resembles  the  Bwld-vcn  Laue  dynamical  theory  of  x-ray  diffraction  in  that 
it  begins  with  a  physical  representation  of  the  multilayer  in  terms  of  a 
spatially  varying  ocrplex  dielectric  constant.  Unlike  the  dynamical 
diffraction  theory,  we  do  not  require  that  the  dielectric  constant  be 
periodic;  however  we  do  require  that  it  vary  only  in  one  dimension.  Like 
the  dynamical  theory,  our  formalism  exploits  the  fundamental  optical 
property  of  materials  at  x-ray  wavelengths,  in  assuming  that  the 
dielectric  oonstant  departs  only  slightly  from  unity.  However,  the 
explicit  characteristic  matrix  form  of  our  solutions  is  one  that  is 
ocsmcnly  used  in  predicting  the  performance  of  optical  multilayer  coatings 
(Born  and  Wolf,  1975) . 

Since  our  present  interest  is  in  the  reflecting  properties  of 
multilayers,  we  convert  eq.  I I -1-14  into  a  difference  equation  that 
propagates  the  anplitude  reflectivity  ^  from  the  Kth  cell  to  the  K+lst 
cell  in  mth  order;  this  equation  (reproduced  from  eq.  1 1-1-20)  is 
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tt*  parameters  t,  r,  and  p  are  essentially  anplitude  transmittances  and 
reflectanoea  for  the  cell  (they  are  defined  explicitly  in  eq.  XI-1-15) . 
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rig.  II -1-3  shows  how  this  rssult  resanbles  the  Xiry  recursion 
foneula  that  is  often  used  in  optical  thin-film  calculations;  however 
eq.  IV- 1-1  exploits  the  snail  departure  of  the  dielectric  constant  from 
unity  in  that  mltiple  reflections  are  represented  only  in  a  single 
non-linear  tern  in  pa  .  Our  difference  equation  has  the  advantage  of 
being  written  explicitly  in  terns  of  the  discrete  properties  of  the 
separate  unit  cells. 

The  case  of  reflection  from  ideal  periodic  x-ray  multilayers  has  been 
treated  by  Vinogradov  and  Zeldovich  (1977) ,  and  fay  Lee  (1981) .  The 
solution  for  the  periodic  case  (given  in  aq.  XX-2-11)  is  essentially  the 
Darwin-Prins  solution  for  the  reflectivity  of  an  ideal  crystal  (Janes, 

1965) .  We  have  extended  previous  work  on  the  periodic  case  only  in  minor 
ways. 

Xn  sec.  II-2-B  we  present  a  detailed  analysis  of  the  criterion  by 
which  one  dvxses  the  period  length  that  maximizes  the  absorption-limited 
multilayer  reflectivity  (eq.  1 1-2-30) .  We  show  that  this  condition  is 
essentially  a  Bragg  condition  (equivalent  in  the  oentrosynmetric  case  to  a 
result  derived  fay  Miller,  1935,  for  crystalline  reflection);  hewever  this 
Bragg  condition  contains  a  correction  for  absorption  as  well  as  the  usual 
dispersion  correction.  We  show  that  this  condition  can  be  sinply 
expressed  as  a  requirement  that  the  real  part  of  the  parameter  knmm  as 
the  equivalent  phase  thickness  be  n  for  a  resonance.  (The  oonoept  of 
equivalent  parameters  is  discussed  in  Knittl,  1976,  see  also  sec.  XX-1). 

We  show  that  the  absorption-dependent  term  is  a  consequence  of  phase 
changes  that  occur  during  multiple  reflections  within  a  structure  having  a 
complex  index  of  refraction. 
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We  also  derive  a  condition  for  maximizing  the  reflectivity  in 
secondary  degrees  of  freedom  other  than  the  period  length  (eqs.  11-2-41 
and  42) t  this  is  a  generalization  of  a  result  for  bilayer  structures  that 
has  been  derived  by  Vinogradov  and  Zeldovieh  (1977) .  We  show  that  these 
secondary  optimization  conditions  obtain  only  when  the  period  length  of 
the  structure  is  already  optimised. 

We  used  these  computationally  simple  optimization  conditions  as  the 
basis  for  a  computer  program  that  searched  for  new  multilayer  materials 
combinations  (see  table  II-2-1) .  The  nominal  reflectivities  attainable 
with  these  new  materials  are  usually  significantly  higher  than  those 
attainable  with  the  more  cannon  materials  choice  of  tungsten  and  carbon 
(the  reflectivities  of  the  new  materials  combinations  are  plotted  in  red 
in  fig.  II-2-4,  the  maximun  reflectivities  attainable  with  tungsten  and 
carbon  are  plotted  in  fig.  I I -2-5) . 

Nickel  is  found  by  the  search  program  to  be  a  good  high  index 
material  for  the  region  around  X  ■  50A.  (Nickel  is  not  included  at  50A 
in  table  II-2-1  because  table  11-2-1  lists  only  the  best  ocmbination  for 
each  wavelength;  however  nickel  was  first  choice  of  the  search  program  at 
50A  when  the  program  was  modified  too  maximize  integrated  reflectivity) . 

Zn  a  preliminary  effort  to  test  this  prediction  of  our  search 
program,  Spiller  (1982a)  has  made  an  evaluation  of  the  effective  roughness 
in  individual  nickel  layers  using  a  technique  described  in  Broers  and 
Spiller  (1980a,  1980b) .  Be  has  found  that  nickel  layers  appear  to  have 
approximately  the  same  low  level  of  roughness  as  do  carbon  layers. 

However,  with  that  partial  exception,  the  results  of  table  II-2-1  have  yet 


I 


I, 


to  be  tested  experimentally. 

In  sec.  IX-3  we  discuss  the  approximate  scaling  of  the  reflecting 
properties  of  tmgsten-carbon  multilayers  with  wavelength,  2d- spacing,  and 
angle  of  incidence.  We  show  that  the  optima#  ratio  in  thickness  between 
high  and  low  index  layers  does  not  depend  strongly  on  wavelength.  (It  is 
also  independent  of  2d- spacing,  angle  of  incidenoe,  and  polarization.) 

We  show  that  the  number  of  layer  pairs  N  required  to  approach 
absorption-limited  reflectivity  (as  distinguished  from  j,  the  number  of 
layer  pairs  actually  present  in  a  particular  miltilayer) ,  is  approximately 


(2d  .  )* 

'  U)J 


cm-i-z) 


For  a  given  2d- spacing  N  is  thus  approximately  independent  of  wavelength 
and  angle  of  incidenoe.  Bq.  IV- 1-2  also  implies  that  the  spectral 
resolution  $  X  /  X  scales  quadratically  with  2d-spacing. 

In  eq.  II-3-23  we  show  that  the  acceptance  angle  in  radians  of  a 
tungsten-carbon  multilayer  scales  approximately  as 


$6  *  5.1  >10 

FVNM 


sin  19. 


(2Z-i-3) 


and  thus  has  a  aynmetric  character  in  the  grazing  and  normal  incidence 
regimes.  (In  these  two  regimes  the  acceptance  angle  is  also  larger  than 
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•t  intermediate  angles  of  incidenoe.) 

In  sec.  II-4  we  discuss  the  utility  of  defect-free  designs  that  are 
non-periodic,  through  a  combination  of  mathematical  demonstration  and 
numerical  simulation,  we  find  strong  indications  that  the  use  of  aperiodic 
designs  will  not  yield  increased  reflectivities  in  the  x-ray  regime. 

In  sec.  II-4  we  shoe  that  non-periodic  multilayers  which  are 
optimized  in  the  layer-by-layer  fashion  discussed  by  Carniglia  and 
Apfel  (1980)  will  not  be  able  to  attain  quite  as  high  a  reflectivity  as 
will  the  optiimsn  periodic  structure.  (Tor  example,  in  a  67.6A 
tungsten-carbon  multilayer,  A  R/R  X  0.15).  Multilayers  made  with  the 
in-situ  reflectance  monitoring  technique  devised  by  Spiller  et  al.  (1980) 
will  also  suffer  this  slight  loss  in  reflectivity  relative  to  the 
theoretical  limit,  unless  the  deposition  conditions  are  adjusted  slightly 
in  compensation. 

In  sec.  IX-5  we  use  our  formalism  to  analyze  the  problem  of  randan 
thickness  errors  in  the  layers  of  an  x-ray  multilayer.  We  treat  the  most 
straightforward  case  in  which  the  errors  in  the  different  layers  are 
random  and  unoor related.  (We  refer  to  this  case  as  "accunulating" 
thickness  errors). 

We  have  been  able  to  significantly  extend  previous  work  on  the 
problem  (Shellan,  1978).  Exoept  in  assuming  s  small  coupling  constant, 
Shellan's  perturbation  treatment  does  not  apply  to  the  x-ray  regime  where 
absorption,  and  operation  way  frem  the  dielectric  Bragg  condition,  must 
usually  be  considered.  Further,  our  analysis  is  not  based  on  a 
perturbation  treatment,  so  we  are  able  to  consider  errors  that  are  large 


enough  in  caparison  with  the  layer  thicknesses  to  cause  a  substantial 
degradation  in  reflectivity. 

Our  treatment  is  based  on  a  decomposition  of  the  amplitude 
reflectivity  into  what  are  essentially  coherent  and  incoherent  parts; 

+  neglecting  cubic  and  higher  powers  in  T  we  obtain 

a  solution  foe  the  coherent  reflectivity  <p  >  that  is  rigorously 
accurate  in  the  limits  of  both  large  and  mall  thickness  errors,  and  thai 
tends  also  to  be  quite  accurate  in  the  intermediate  regime. 

This  solution  is  presented  in  eq.  II-5-42;  an  approximate 
steady-state  version  that  has  a  qualitatively  correct  scaling  is  here 
reproduced  from  eg.  11-5-27 


l<9>|2  s 


|r+i>|/4 


Here  M.  is  essentially  the  absorption  per  cell  (defined  in 
eq.  II-1-15) ,  and  <A^*>  is  the  variance  in  the  unit  cell  thickness 
caused  by  the  random  errors  (<Af*>  is  in  phase  units  as  defined  in 
eq.  II -5-3) . 

The  M  in  the  denominator  of  eq.  XV-1-4  represents  the  limitation 
imposed  by  absorption  on  the  lumber  of  layers  that  can  participate  in  the 
coherent  reflection  process.  Through  the  term,  the  thickness 

errors  thus  impose  a  parallel  limitation  an  the  rusnber  of  participating 
layers;  this  second  limitation  results  from  the  random-walk  accumulation 
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of  dephasing. 

Our  solution  for  the  incoherent  reflected  component  is  given  in 
eq.  II -5-45?  sec.  II-5  also  contains  a  discussion  in  physical  terns  of  the 
generation  of  this  oonponent.  In  sq.  II-5-49  we  derive  a  tolerance  on  the 
RM>  random  thickness  error  per  oell  O’  allowed  in  x-ray  multilayers 


°i;,  $ 

Spiller  et  al.  (19B0)  have  developed  an  in-situ  reflectance 
nonitoring  technique  (ISRM)  that  eliminates  the  random-walk  accumulation 
of  dephasing;  this  group  has  verified  experimentally  that  ISRM 
substantially  increases  the  lumber  of  layers  that  can  successfully  be 
fabricated  in  an  x-ray  multilayer. 

In  order  to  provide  a  quantitative  explanation  of  this  effect,  we 
attempt  in  sec.  II-6  to  model  the  complex  ISRM  process.  We  refer  to  the 
residual  kind  of  thickness  error  that  can  occur  in  such  multilayers  as 
"non-accumulating”  thickness  errors. 

In  eq.  II-6-15  (together  with  eqs.  n-6-6,7  and  8) ,  we  present  a 
difference  equation  that  propagates  the  expectation  value  of  the  amplitude 
reflectivity  from  cell  to  cell  in  the  presenoe  of  non-accimulating  errors. 
(This  equation  is  deterministic  in  the  sense  that  it  contains  only  the 
variance  of  the  random  errors). 


This  equation  is  only  applicable  under  special  conditions; 
specifically,  errors  in  the  high-index  layers  (which  are  truncated  at 
well-defined  points  on  a  strong  XSRM  signal)  are  considered  to  be 
negligible,  and  the  ISRM  bean  is  treated  as  linearly  polarised.  (In 
addition  the  equation  assunes  the  sane  Gaussian  statistics  for  all  layers, 
but  in  this  respect  the  analysis  is  readily  generalised.) 

In  sec.  II-6  we  also  present  a  phenomenological  treatment  of 
non-aocumulating  errors  that  can  include  both  the  effects  of  errors  in  the 
high  index  layers,  and  of  an  mpolarised  probe  bean. 

In  the  steady-state  limit  that  the  number  of  layers  is  large,  the 
reflectivity  under  our  phenomenological  model  satisfies  a  Darwin-Prins 
solution.  In  the  special  case  where  the  errors  in  the  L  and  H  layers  are 
equal,  this  solution  is 


Here  <  $x>  is  the  variance  in  the  phase  error  for  each  interface. 
According  to  eq.  IV-1-6  the  reflectivity  in  each  cell  is  degraded  by  a 
Debye-Waller  factor;  such  a  factor  also  represents  the  degradation  in 
x-ray  reflectivity  that  results  from  the  random  displacement  of  the  atoms 
in  a  diffracting  crystal  (Janes,  1965,  chapter  V) . 
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De  by  e-Waller  factors  can  also  arise  when  multilayer  reflectivity  is 
degraded  by  interlayer  diffusion.  If  w.  sultilayer  suffers  diffusion  of 
a  kind  where  its  ideal,  sharp- interface  structure  is  convolved  with  a 
smoothening  function,  then  the  reflectivity  of  the  cell  (rf  in  eq.  IV-1-6) 
will  be  multiplied  by  the  transform  of  the  smoothening  function  (the 
transform  will  be  a  Debye-Waller  factor  if  the  smoothening  function  is 
Gaussian) . 

Thus,  interlayer  diffusion  as  well  as  non-accumulating  errors  can  be 
modeled  with  expressions  like  eg.  IV-1-6. 

This  implies  that  the  unit  oells  in  the  randomly  disturbed  structure 
interact  together  in  the  same  way  as  do  a  corresponding  set  of  oells 
having  an  "averaged"  structure.  This  can  be  shown  to  be  true  because  the 
incoherent  reflectivity  p  of  the  random  structure  is  quite  small  with 
non-accumulating  errors. 

We  should  acknowledge  at  this  point  the  previous  treatment  of 
interlayer  diffusion  made  by  Underwood  and  Barbee  (19B2) . 

They  treat  the  problem  of  reflection  from  a  diffused  multilayer  by 
modeling  each  graded  interface  as  a  stack  of  very  thin  homogeneous  layers 
("laminae").  They  then  propagate  the  amplitude  reflectivity  through  each 
of  the  microlayers  numerically  using  the  standard  (non  x-ray)  Airy 
recursion  formula.  Such  a  treatment  will  be  broadly  consistent  with  the 
treatment  we  have  made,  so  long  as  the  inter facial  gradient  is  chosen  in 
such  a  way  that  the  total  mass  per  unit  cell  is  independent  of  the  extent 
of  diffusion  (i.e.  t#  is  constant). 
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One  limitation  of  the  analysis  presented  in  chapter  XX  is  that  the 
multilayer  structures  considered  are  all  one-dimensional ;  i.e.  the 
structures  vary  only  in  the  direction  normal  to  the  substrate.  This 
limitation  is  fundamental  to  the  characteristic  matrix  formalism  (Born  and 
Wolf,  1975,  p.51) . 

At  the  present  early  stage  in  the  development  of  x-ray  multilayers, 
this  limitation  has  not  proven  unduly  restrictive,  since  in  chapter  II  we 
have  been  able  to  significantly  extend  previous  analyses  of  a  ntxnber  of 
basic  effects  that  are  only  beginning  to  be  investigated  experimentally. 
However,  in  the  future  the  one-dimensionality  of  the  formalism  may  prove 
more  restrictive. 

Eastman  (1978)  has  shown  that  one  can  apply  what  are  essentially 
algorithms  for  the  analysis  of  one-dimensional  % thin- film  structures  to  the 
analysis  of  multilayers  containing  interfacial  roughness  (a 
three-dimensional  structure)  in  the  special  case  where  the  roughness  has  a 
very  gradual  variation  within  the  layers.  We  have  used  similar  physical 
assvmptions  to  make  a  preliminary  investigation  of  roughness  in  x-ray 
multilayers;  this  investigation  is  discussed  in  sec.  XV-2  below. 

Another  limitation  in  our  analysis  is  that  it  requires  that  the 
interaction  of  each  unit  oell  with  the  radiation  field  is  weak.  Our 
formalism  therefore  becomes  invalid  as  the  grazing  incidence  regime  is 
approached;  the  fractional  error  e  introduced  with  our  formalism  is  of 


order 
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where  4  the  angle  of  Incidence  to  the  surface  in  radians. 

Finally,  we  note  that  our  analysis  of  non-accanulating  thickness 
errors  is  scnewhat  sore  tentative  than  the  other  topics  treated.  This  nay 
be  a  useful  area  for  future  research,  but  the  ocnplexity  of  the  XSVM 
process  suggests  that  a  more  detailed  analysis  is  likely  to  be  B06t 
successful  if  made  in  conjunction  with  a  parallel  experimental 
investigation. 

S 
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Zn  Chapter  III  we  discuss  applications  foe  x-ray  multilayers.  Me 
find  that  in  general,  the  reflectivity  of  mul tilayers  will  be  strongly 
limited  by  absorption  throughout  the  soft  x-ray  region.  Our  calculations 
indicate  that  the  absorption-limited  reflectivity  can  be  at  most  0.8,  and 
that  reflectivities  will  usually  be  considerably  lower  unless  new 
materials  combinations  prove  feasible. 

The  weak  interaction  of  the  layer  materials  with  the  radiation  will 
cause  x-ray  multilayers  to  have  a  narrow  spectral  bandwidth.  However,  at 
longer  wavelengths  (X—100A),  and  at  normal  incidence,  a  multilayer 
focussing  element  can  have  a  fairly  large  aperture  (typically  f/3) . 

The  multilayer  acceptance  angle  decreases  as  the  2d- spacing  or  angle 
of  incidence  to  the  surface  is  reduoed  (so  long  as  the  latter  is  greater 
than  45* ) .  If  the  wavelength  is  less  than  about  40A,  structural  defects 
are  likely  to  prohibit  operation  at  normal  incidence.  The  largest 
possible  acceptance  angle  is  then  obtained  near  grazing  incidence.  At 
such  angles,  geometrical  aberrations  inpose  strong  additional  limitations 
on  the  performance  of  focussing  elements. 

We  should  note  that  despite  these  limitations,  multilayers  are  likely 
to  prove  quite  attractive  in  oonparisan  with  alternative  optical 
technologies  for  the  soft  x-ray  regime,  in  certain  applications. 

Chapter  ZZI  discusses  the  specific  application  of  multilayers  to  the 
problem  of  constructing  an  optical  cavity  for  future  x-ray  lasers.  The 
most  promising  oavity  configuration  appears  to  be  one  based  on  multilayers 
whose  structure  is  optimized  for  maximum  reflectivity  at  normal  incidence; 
in  such  a  cavity  each  single  loss  upon  reflection  is  ccmpensateJ  for  by  a 
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pass  through  the  amplifier.  The  tolerance  an  systsnstic  error  in 
^spacing  that  oust  be  satisfied  to  achieve  resonanoe  at  normal  incidence 
is  (reproduced  from  eq.  XXI- 2-1) 


«d(.}  s  1.3  *  10  ‘(2<*(>})  (M-l-S) 

Damage  may  be  an  important  consideration  in  an  x-ray  laser  cavity. 

As  an  exanple  we  consider  preliminary  experiments  carried  out  at  the 
Laboratory  for  Laser  Energetics  (LLE)  of  the  University  of  Rochester 
(Bhagavatula  and  Yaakobi,  1978,  Ccnturie,  1982);  we  estimate  that  if  these 
experiments  can  be  scaled  vp  to  produce  a  true  x-ray  laser,  the 
permissible  thermal  loading  on  the  mirrors  will  limit  nanosecond  x-ray 
laser  pulses  to  energies  of  order  8-10J  Joules. 

Since,  in  the  scheme  considered,  the  bean  aperture  will  probably  be 
considerably  smaller  than  the  mirror  substrates,  it  may  be  possible  to  use 
the  mirrors  in  a  quasi-one-shot  node,  in  which  only  a  snail  portion  of  the 
substrates  are  exposed  in  each  shot. 

The  most  attractive  alternative  to  a  cavity  configuration  based  on 
normal  incidence  multilayers  may  be  the  ring  cavity  devised  by  Bremer  and 
Kaihala  (1980) ,  in  which  a  large  nunber  of  specular  reflections  are  used 
to  return  the  beam  to  the  amplifier  (fig.  XIX-2-2b).  We  have  written  a 
computer  program  to  search  for  cptinun  materials  for  the  ring  cavity;  the 
results  listed  in  table  XXX-2-1  indicate  that  efficiencies  as  high  as  0.4 
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In  sec.  II 1-3  we  consider  the  possible  use  of  x-ray  multilayers  in  a 
Kirkpatrick-Baez  short-wavelength  (  A  *  2A)  x-ray  microscope  (Kirkpatrick 
and  Baez,  1948).  At  present  such  systans  use  single  layer  coatings 
illisninated  at  very  glancing  angles.  Multilayer  coatings  might  be  useful 
as  a  means  of  operating  such  a  system  at  an  increased  angle  of  incidence 
to  the  surface  (this  would  reduce  the  geometrical  aberrations  of  the 
focussing  elements);  however  our  analysis  of  the  LL£  system  indicates  that 
one  will  have  to  accept  a  trade-off  between  collection  aperture  (limited 
by  spherical  aberration)  and  field  of  view,  since  the  larger  angles  of 
incidence  that  will  reduce  spherical  aberration  trill  also  reduce  the 
acceptance  angle  of  the  coatings. 

We  have  designed  multilayer  coatings  to  convert  the  Kirkpatrick-Baez 
systen  in  use  at  UE  to  operation  at  1.66A.  The  principal  difficulty  in 
fabricating  such  a  coating  is  likely  to  be  the  need  for  an  absolute 
thickness  accuracy  of  about  1A  per  layer  (the  layer  thicknesses  are  about 
40A) ,  with  the  exact  thickness  required  being  strongly  dependent  on  the 
optical  constants  of  the  layers.  The  tolerance  is  determined  primarily  by 
the  need  to  accurately  align  the  narrow  zone  of  high  reflectance  with  the 
optical  axis. 


Section  IV- 2  -  Suggestions  for  Future  Work 

Part  A)  Inter facial  Roughness 

As  x-ray  multilayers  ocme  into  wider  use,  there  is  likely  to  be  an 
increasing  interest  in  using  experimental  measurements  of  performance  to 
characterize  multilayer  structures  in  detail  (see  part  B  below) .  The 
methodology  and  analysis  presented  in  chapter  XI  provide  both  tools  for 
such  future  modeling,  and  an  indication  of  the  range  of  effects  that  will 
have  to  be  accounted  for. 

With  the  possible  exception  of  our  neglect  of  interfacial  roughness, 
we  have  attempted  in  Chapter  II  to  form  more  or  less  as  comprehensive  a 
theoretical  treatment  of  x-ray  multilayers  as  is  reasonable  at  the  present 
early  stage  of  experimental  investigation. 

Multilayers  containing  interfacial  roughness  will  have  a 
three-dimensional  structure,  to  which  the  one-dimensional  formalism  of 
Chapter  II  can  only  be  applied  in  special  cases.  Further,  in  the  absence 
of  contrary  experimental  evidence,  it  is  impossible  to  rule  out  any  of  an 
enormous  range  of  possible  magnitudes  and  statistical  correlations  for  the 
roughness;  these  parameters  might  vary  from  interface  to  interface,  and 
the  statistical  correlations  might  extend  between  the  interfaces  as  well 
as  within  them. 

In  this  section  we  present  a  brief  sismary  of  a  preliminary 
investigation  we  have  made  of  certain  limiting  case  roughness  models  (see 
fig.  IV- 2-1) ;  these  models  may  be  representative  of  the  categories  of 
roughness  that  could  be  encountered  in  practice,  so  that  our  analysis  may 
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serve  as  a  basis  for  future  work. 

Eastman  (1978)  has  developed  numerical  matrix  methods  to  treat  the 
effect  of  interfacial  roughness  in  optical  multilayers.  We  have  used 
similar  physical  assumptions  to  treat  certain  kinds  of  roughness  in 
periodic  x-ray  multilayers  analytically.  These  physical  assunptions  are 
discussed  more  fully  in  Appendix  14.  In  effect,  our  model  assumes  that 
the  near-field  reflected  amplitude  above  any  point  on  the  multilayer's 
surface  can  be  calculated  (in  principle)  by  inserting  local  values  for  the 
layer  properties  into  a  one-dimensional  formalism.  Sue*  a  scalar  model  of 
the  roughness  requires  that  the  transverse  autocorrelation  length  of  the 
roughness  be  large  compared  to  the  layer  thicknesses.  Carniglia  (1981) 
provides  a  review  of  Eastman's  formalism  and  physical  assunptions,  and 
extends  Eastman's  formalism  to  the  treatment  of  what  he  calls  "additive 
roughness"  (whit*  we  call  "roughening  films";  see  below),  and  bulk 
scattering. 

Elson  (1979)  discusses  the  limitations  of  scalar  scattering  theory  in 
comparison  with  more  rigorous  theories  (in  the  aontext  of  single-surface 
reflection) .  Xn  general,  we  expect  the  scalar  theory  to  be  best  at 
predicting  total  specular  and  diffuse  reflectivities,  and  at  predicting 
the  angular  distribution  of  the  diffusely  reflected  beam  at  angles  close 
to  the  specular  beam;  it  cannot  predict  polarization  effects. 

We  also  note  that  the  use  of  a  one-dimensional  scalar  formalism  to 
treat  the  field  within  the  multilayer  is  shown  in  Appendix  14  to  be  valid 
only  when  the  separation  between  the  specular  and  diffuse  beams  is  within 
the  acceptance  angle  of  the  multilayer.  Since  the  acceptance  angle  is 
likely  to  be  of  the  order  of  the  field  of  view  in  imaging  applications, 


IV-2-4 


the  scalar  model  is  applicable  to  the  problem  of  resolution  degradation 
via  scattering. 

One  disadvantage  (in  the  x-ray  context)  of  existing  vector  analyses 
of  aultilayer  roughness  is  that  they  are  first-order  perturbation  theories 
(El son,  1977;  Bousquet  et  al.,  1981;  Elson  et  al.,  1980),  and  so  cannot 
treat  roughness  large  enough  to  substantially  degrade  the  reflectivity. 

In  addition,  first-order  perturbation  theories  take  the  scattered  bean  to 
be  driven  by  the  undegraded  one-dimensional  electromagnetic  field.  They 
therefore  do  not  calculate  the  change  in  transmission  or  absorption  of 
this  one-dimensional  field,  and  so  cannot  be  used  to  calculate  the 
degradation  in  specular  reflectivity. 

Eastman's  (1978)  matrix  method  is  based  on  what  is  in  essence  a 
sophisticated  Taylor  expansion  (carried  out  in  a  one-dimensional 
formalin) ,  of  the  reflectivity  in  terms  of  successive  powers  of  the 
interfacial  displacements  that  correspond  to  the  rough  features.  Eastman 
derives  systematic  numerical  procedures  with  which  to  evaluate  the  terms 
in  such  an  expansion,  at  second  order  one  can  obtain  the  lowest  order 
term  far  the  degradation  in  specular  reflectivity. 

in  the  x-ray  ease,  our  analytic  expressions  for  the  reflectivity  of 
rough  periodic  multilayers  do  not  result  frem  any  kind  of  expansion  of  the 
reflectivity  in  terms  of  the  roughness  heights,  and  so  we  can  readily 
treat  the  effect  of  large  roughness. 

One  kind  of  aultilayer  roughness  that  has  been  treated  with  the 
scalar  theory  is  that  which  Eastman  (1978)  calls  "identical  films",  in 
which  all  layers  are  considered  to  reproduce  a  acranon  roughness  profile 
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(generally  that  of  the  substrate,  see  fig.  IV-2-1) .  The  autocorrelation 
length  of  the  roughness  in  the  longitudinal  direction  is  therefore  very 
large.  Baelbich,  Segnuller,  and  Spiller  (19?:'.* ,  and  Barbee  (1982),  have 
modeled  the  observed  degradation  in  x-ray  multilayer  reflectivity  with  the 
same  expression  as  results  from  the  identical  film  model  (eg.  III-l-l) . 

The  analysis  of  the  identical  films  case  is  the  same  in  both  the 
x-ray  and  optical  regimes.  Essentially,  the  near-field  reflected 
wavefront  is  found  to  undergo  the  same  kind  of  phase  deformations  as  does 
a  wavefront  reflected  from  a  single  rough  surfaoe. 

He  have  modeled  two  kinds  of  non-identical  roughness  in  which  the 
longitudinal  autocorrelation  length  is  very  small,  so  that  the  roughness 
contributions  from  the  different  layers  are  either  completely 
uncorrelated,  or  correlated  across  only  a  snail  nisnber  of  layer  pairs.  We 
refer  to  the  two  as  "roughening  films"  and  "smoothening  films". 

Roughening  films  and  smoothening  films  have  been  analyzed  by  Carniglia 
(1981) ,  who  refers  to  them  as  "additive"  and  "unoorrelated"  roughness, 
respectively.  He  have  also  modeled  rough  films  of  a  kind  we  call 
"columnar  films"  which,  like  identical  films,  have  a  very  large 
longitudinal  autocorrelation  length.  The  four  roughness  models  are 
illustrated  schematically  in  fig.  XV-2-1. 

In  the  case  of  roughening  films,  we  assume  that  the  errors  in  the 
layer  thicknesses  above  each  point  on  the  surface  cause  a  cunulative 
dephasing,  so  that  the  absolute  roughness  of  the  top  layer  increases  in  a 
random  walk  fashion  as  more  layers  are  added.  One  may  consider  the 
formation  of  these  films  to  be  such  that  the  granularity  introduced  by 
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each  layer  is  added  independently  to  a  baseline  of  roughness  established 
by  preceeding  layers. 

Under  the  assumptions  of  the  scalar  model,  the  near-field  amplitude 
under  roughening  films  is  given  by  our  solution  for  one-dimensional 
accumulating  random  thickness  errors,  derived  in  sec.  11-5.  The  far  field 
coherent  amplitude  reflectance  is  obtained  by  evaluating: 
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We  have  defined  <  g  ( A  0,  ^ >  in  such  a  way  that  its  magnitude 
squared  is  the  far-field  power  per  unit  area  divided  by  the  incident  power 
per  unit  area.  In  letting  the  limits  an  the  integrals  go  to  infinity,  we 
neglect  diffraction  frcn  the  edges  of  the  multilayer. 

In  eq.  IV-2-1,  x  and  y  are  coordinates  along  the  surface,  r^  is  the 
distance  from  x,y  to  the  observation  point,  and  ^  (*•  /  )  As  the 
near-field  anplitude  as  measured  at  the  upper  surface  of  the  multilayer 
(fig.  IV-2-2).  This  upper  surface  is  rough,  so  the  factor 

X  Af  («,/))  most  be  used  to  propagate  9  (*,y )  to  a  mean  plane, 


where  the  far-field  amplitude  can  properly  be  evaluated  via  the  Fourier 
transform.  This  equation  is  derived  in  more  detail  in  Appendicies  14 
and  15.  Similar  results  are  derived  by  Eastman  (1978)  and 
Carniglia  (1981) . 

We  assume  that  the  statistical  properties  of  the  roughness  do  not 
vary  across  the  surface.  Thus,  assuming  as  we  have  that  the  expectation 
value  can  be  interchanged  with  the  transform,  the  transform's  argiment  is 
Independent  of  x  and  y,  and  <$(A8,  q  )  >  will  be  a  delta-function  of 
the  angle  of  reflection.  {As  noted,  we  neglect  diffraction  from  the 
mirror  boundaries.) 

|  <  p  e  >  |X  can  therefore  be  identified  as  the  specular 

j 

reflectivity.  The  assumptions  of  the  scalar  scattering  theory  thus  permit 

reduction  of  the  problem  to  one  dimension,  where  our  difference  equation 

formalism  can  be  exploited.  Our  expression  for  <  o  e ^  >  in 

j 

the  soft  x-ray  regime  is  derived  in  Appendix  15,  and  is 
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where  <q  >  (the  near-field  coherent  reflectivity)  is  given  by 
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eq.  I 1-5-35,  and  &  is  given  by  eg.  II-5-15.  This  expression  asunes  that 
absorption  has  reached  its  steady-state  value. 

A  diffuse  beam  is  also  present.  The  total  intensity  of  the  diffuse 
and  specular  beams  is  determined  by  the  total  absorption,  which  is  the 
same  as  in  the  case  of  one-dimensional  random  thickness  errors 
(sec.  II-5) .  • 

The  diffuse  beam  can  be  regarded  as  radiation  that  has  been 
diffracted  from  the  rough  structure  impressed  an  the  near-field  reflected 
wavefront.  This  rough  structure  is  represented  by  variations  in  the 
near-field  phase  and  amplitude,  which  are  caused  by  rough  features  in  the 
underlying  multilayer.  The  transverse  scale-length  of  these  features 
determines  the  angular  spread  of  the  diffuse  beam. 

If,  under  roughening  films,  the  transverse  variations  in  layer  phase 
thickness  obey  a  Gaussian  bivariate  distribution  with  autocorrelation 
CT  (v),  where 
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then  we  find  (Appendicies  14  and  15)  that  the  diffuse  bean  is  given  by 
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He  find  (Appendix  15) 
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We  have  also  developed  an  analytic  model  for  the  kind  of  roughness  we 
call  "smoothening  f ilms"  (fig.  IV-2-1) .  Such  films  nay  be  considered  to 
have  a  leveling  nature  during  acne  stage  of  format  ion,  but  to  nonetheless 
possess  an  intrinsic  roughness  after  formation  is  caiplete.  We  consider 
the  resulting  rough  interfaces  to  vary  randomly  with  zero  mean  about  the 
defect-free  inter facial  planes. 

We  therefore  assume  that  an  error  in  the  local  thickness  that  a  layer 
has  at  sene  position  on  the  reflector  will  (on  average)  be  compensated  for 
in  the  thickness  of  the  next  layer  deposited. 

Snoothening  films  are  thus  analogous  to  non-accumulating  randan 
thickness  errors  under  the  phenomenological  model  of  sec.  II-6-C.  The 
mathematical  analysis  of  smooths ning  films  is  carried  out  in  Appendix  14. 
We  show  there  that  the  specular  reflectivity  in  the  presence  of 
smoothening  films  is  given  by 
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and 
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Eq.  IV- 2-9  assumes  Gaussian  statistics  for  the  roughness.  <&  >  is  the 
variance  in  the  phase  error  per  interface. 

In  the  case  of  amoothening  films  we  have  made  a  preliminary 
investigation  of  the  effect  of  finite  longitudinal  autocorrelations  on  the 
magnitude  of  the  diffusely  scattered  radiation;  in  other  words,  we  allow 
the  rough  features  in  the  interfaces  to  be  correlated  across  a  small 
ntsnber  of  layers.  The  reflectivity  of  the  group  of  layers  within  one 
longitudinal  autocorrelation  length  must  be  mall  compared  to  one 
(inplicitly  defining  an  upper  limit  for  the  autocorrelation  length) ,  and, 
at  a  minimum,  the  roughness  must  be  strongly  correlated  across  the  two 
interfaces  of  at  least  one  of  the  two  layers  in  each  layer  pair. 

Me  find  that  the  fraction  of  the  total  power  scattered  into  the 
diffuae  barn  is 
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(Gaussian  statistics  art  again  assumed).  If  C,  (s)  has  a  width  ■_  , 

the  mmber  of  cells  within  one  longitudinal  autocorrelation  length  will  be 
at  order  2s T  ♦  1  (s  is  non-negative).  According  to  sq.  IV- 2-12,  the 
diffusely  scsttered  intensity  will  scale  approximately  linearly  with  this 
quantity. 

In  the  oase  at  longitudinally  unoorrelated  roughness,  the  angular 
distribution  in  the  diffuse  bean  is  given  by  aq.  IV- 2-5  with  the  kernal 
(for  aaoothening  films) 
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Here  CT  is  the  transverse  autocorrelation  function  defined  in  eq.  IV- 2-3 . 

The  roughness  height  necessary  to  cause  a  given  drop  in  specular 
reflectivity  is  much  larger  with  mooothening  films  than  with  roughening 
films,  because  the  thickness  errors  do  not  accunulate  (see  fig.  IV- 2-3) . 
(In  the  case  of  roughening  films,  the  horizontal  axis  in  the  figure 
represents  the  RMS  roughness  increment  added  by  each  unit  cell.) 

The  leveling  property  of  aaoothening  films  causes  the  intensities  of 
the  diffuse  and  specular  beams  to  became  equal  only  at  a  level  of 
roughness  where  the  total  reflectivity  has  been  decreased  quite 
substantially  (via  an  increase  in  absorption).  In  contrast,  with 
roughening  films,  the  two  became  equal  at  a  roughness  level  where  the 
total  reflectivity  is  only  moderately  decreased.  With  identical  films, 
the  total  reflectivity  is  unaffected  by  the  magnitude  of  the  roughness. 

With  films  of  both  the  roughening  and  smoothening  types,  the  total 
absorption  reaches  a  steady-state  level  as  more  and  more  layers  are  added 
However,  in  the  case  of  roughening  films  the  proportion  of  the  reflected 
radiation  in  the  specular  beam  steadily  decreases,  since  the  upper 
surfaces  get  steadily  rougher. 


W/C  Multilayer 
d  w  =  7.6  A  d  c  =  26.5  A 
6=0°  250  layer  pairs 

X=  67.6  A 


Roughening  Films" 
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the  acceptance  angle  of  aultilayers  with  arooothening  films  is  not 
greatly  influenced  fay  the  SMS  magnitude  of  the  roughness.  In  the  case  of 
roughening  films,  the  acceptance  angle  is  increased  in  somewhat  the  same 
way  as  would  be  caused  by  an  increase  in  the  layer  bulk  absorption 
constants. 

We  note  that  the  effect  of  amoothening  films  is  very  similar  to  that 
of  interlayer  diffusion.  As  in  the  case  of  non-accumulating  thickness 
errors,  this  is  a  consequence  of  the  relatively  small  intensity  of  the 
diffuse  or  incoherent  bean.  The  intensity  of  the  diffuse  beam  will 
usually  be  snail  ccmpared  to  that  of  the  specular  bean  under  smoothening 
films,  even  though  the  specular  reflectivity  may  be  considerably  less  than 
it  would  be  in  the  absence  of  roughness.  The  main  effect  of  the  roughness 
in  the  smoothening  films  case  is  to  cause  an  increase  in  absorption,  not 
an  increase  in  scattering.  This  is  because  the  diffusely  scattered 
ccnponents  from  the  different  interfaces  add  incoherently,  and  incoherent 
scattering  is  a  weak  process  in  the  x-ray  regime. 
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We  heve  also  Bade  a  preliminary  analysis  of  a  kind  of  roughness  we 
call  "columnar  films"  (fig.  IV-2-1) .  Bere  the  growth  rate  of  the  films  is 
assumed  to  vary  randomly  across  the  substrate  surface,  so  that  the 
toughness  of  the  ipper  interface  increases  linearly  as  sore  layers  are 
added.  Such  a  linear  increase  has  been  observed  in  thin  single  films  of 
Au  and  AuPd  (not  multilayers)  by  Broers  and  Spiller  (1980a,  1980b) . 

the  case  of  oolunnar  films  we  have  only  calculated  the  specular 
reflectivity,  which  we  shew  in  Appendix  15  to  be  given  by  (assuming 
Gaussian  statistics) 
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where  o  is  the  defect-free  solution  of  eq.  11-2-13,  <AK*>  is  the 
variance  in  growth  rate  (i.e.  <Ad  >  /  <  d  >  ),  and  $  is  the  error 
function  in  the  complex  plane 
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where  the  path  is  arbitrary.  Bq.  IV-2-16  is  based  on  the  approximate 
results  in  aqs.  11-3-1  and  2,  and  so  is  less  accurate  than  the  results  for 
saoothening  films  and  roughening  films.  Bq.  TV- 2- 16  is  plotted  for  our 
usual  example  (tungsten-carbon  multilayer  at  67.6A)  in  fig.  TV-2-4 . 

In  terms  of  the  above  comparison  between  roughening  films  and 
smoothening  films,  the  characteristics  of  ooluonar  films  tend  to  resemble 
those  of  roughening  films;  however  the  scaling  with  roughness  height  and 
with  J  is  different. 

We  note  that  the  effect  on  specular  reflectivity  of  substrate 
roughness  acting  in  combination  with  any  of  the  other  three  roughness 
models  may  be  modeled  by  multiplying  the  specular  reflectivity  by  a 
Debye-Waller  factor.  (More  precisely,  this  represents  the  unoorrelated 
superposition  of  an  invariant  roughness  profile  of  the  identical  films 
kind  with  one  of  the  other  types  of  roughness) .  Such  a  combination  of 
identical  films  and  roughening  films  has  been  termed  "partially 


Part  B)  Future  Work 

Our  analysis  suggests  that  different  kinds  of  defects  in  x-ray 
multilayers  may  produoe  characteristic  signatures  in  the  reflecting 
properties.  Such  signatures  might  enable  one  to  evaluate  the  reflecting 
structure  present  in  a  particular  multilayer. 

we  will  now  summarize  these  characteristic  properties. 

Accumulating  random  thickness  errors  (one-dimensional)  will  produce 
no  diffuse  beam,  but  trill  pro&ioe  a  significant  anomolous  broadening  of 
the  bandwidth  as  the  2d- spacing  is  decreased.  (However,  this  broadening 
will  be  relative  to  the  trend  of  eq.  11-3-21).  Nan-aocunulating 
one-dimensional  errors  trill  likewise  produoe  no  diffuse  beam,  but  will 
produoe  a  smaller  change  In  bandwidth  than  accumulating  errors, 
particularly  at  longer  wavelengths. 

Smoothening  films  will  have  a  very  similar  effect  on  reflectivity  to 
non-accumulating  thickness  errors;  the  main  difference  being  that 
smoothening  films  will  also  generate  a  diffusely  scattered  beam  of  low 
intensity,  but  in  practice  this  weak  and  spatially  dispersed  beam  might  be 
masked  by  background. 

Roughening  films  will  have  the  same  total  reflectivity  as  trill 
accumulating  one-dimensional  errors,  but  the  fraction  of  this  intensity  in 
the  qpecular  beam  will  steadily  decrease  as  the  number  of  layers  is 
increased. 
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If  absorption  has  reached  the  steadi-state  with  roughening  films,  the 
diffuse  radiation  will  equal  the  secular  radiation  at  a  relatively  snail 
roughness  height;  in  other  words,  as  2d- spacing  is  reduced,  the  diffuse 
and  specular  beans  will  beccne  equal  at  a  point  where  the  total  reflected 
radiation  has  decreased  only  slightly.  Zn  contrast,  with  smoothening 
filns  the  two  will  became  equal  only  when  the  overall  reflectivity  is  very 
much  less  than  that  of  a  defect-free  (large  2d- spacing)  structure. 

Our  malysis  suggests  that  non- accumulating  defects  of  all  kinds  will 
have  very  similar  properties.  Zf  we  consider  the  progression  of  such 
defects  from  the  case  of  interpenetrating  rough  features  having  transverse 
widths  mail  compared  to  a  wavelength  (interlayer  diffusion) ,  through  the 
case  of  roughness  intermediate  in  transverse  scale  between  the  mirror 
substrate  and  the  radiation  wavelength  (smoothening  films) ,  and  on  to  the 
case  where  entire  interfaces  are  randomly  displaced  relative  to  the 
substrate  (non- accumulating  thickness  errors) ,  then  throughout  the 
progression  we  find  that  the  coherent  beam  remains  virtually  unchanged, 
and  that  the  incoherent  beam  remains  of  low  intensity,  while  it  changes 
from  an  evanescent  wave  to  a  diffuse  beam,  and  finally  to  a  weak  component 
in  the  Bragg  direction.  The  low  strength  of  the  incoherent  component 
would  make  the  different  non-accisnulating  errors  difficult  to  distinguish 
in  practice. 

Identical  films  are  different  from  the  other  kinds  of  roughness  in 
that  the  total  power  in  the  diffuse  and  specular  beams  is  unaffected  by 
the  roughness. 


Columnar  films  appear  to  have  qualitatively  similar  properties  to 
roughening  films  (our  examination  of  oolunnar  films  is  less  complete  than 
that  of  the  other  roughness  models).  However,  the  scaling  of  roughening 
films  and  oolwmar  films  with  the  total  nvmfcer  of  layers  J  is  different; 
thus  to  distinguish  the  two  kinds  of  defects  one  could  ocnpare  the 
constancy  as  J  is  changed  of  best-fit  values  for  sigma  determined  with  the 
two  models  (say  by  changing  the  2d- spacing) . 

We  do  not  wish  to  downplay  the  difficulties  associated  with  the 
measurements  suggested  by  the  above  characteristics,  toy  method  involving 
measurement  of  an  incoherent  component  of  radiation  that  is  scattered  very 
close  to  the  qpecular  beam  will  call  for  careful  experimental  technique 
and  judiciouk  interpretation  (for  example,  in  a  practical  case  the 
specular  beam  will  probably  be  in  the  near-field  rather  than  the  far 
field) . 

We  should  mention  the  possibility  of  direct  measurement  of  any 
roughness  that  may  be  present.  At  the  point  where  they  cause  a 
substantial  degradation  in  multilayer  reflectivity,  roughness  of  the  kinds 
considered  would  produce  2  -  10A  MS  roughness  in  the  tpper  interfaces  of 
a  multilayer  with  a  2d- spacing  of  —  10QA. 

Such  roughness  heights  are  at  the  periphery  of  that  is  measurable 
with  present  technology,  depending  very  much  on  the  transverse  scale 
length  of  the  roughness  (Ste&nan,  1961,  Price,  1982). 

We  also  note  that  an  experimental  investigation  based  on  qualitative 
signatures  such  as  those  above  will  be  considerably  more  difficult  if  the 
structure  aontains  more  than  one  kind  of  defect  in  significant 


proportions. 

An  obvious  Motivation  for  such  a  study  is  the  possibility  that  the 
results  would  suggest  changes  in  the  fabrication  procedures  that  could 
lower  the  magnitude  of  the  defects. 

Another  possibility  is  that  a  detailed  understanding  of  the 
structural  defects  present  would  permit  ccnpensation  to  be  made  in  the 
design  of  the  multilayers.  Modest  gains  in  performance  might  be  obtained 
in  the  presence  of  accvmulating  errors,  or  with  non-accumulating  errors 
under  low  absorption  conditions,  by  choosing  a  structure  that  produces  a 
comparatively  large  reflectivity  from  comparatively  few  layers.  Such  a 
structure  would  cause  too  large  an  absorption  to  provide  optimal 
reflectivity  with  a  large  number  of  layers  if  no  disorder  were  present; 
however  it  might  provide  the  largest  reflectivity  possible  in  the  presence 
of  disorder. 

Our  work  also  suggests  that  examination  of  new  multilayer  materials 
may  prove  fruitful.  Table  11-2-1  (and  a  more  lengthy  version  that  lists 
multiple  possibilities  at  each  wavelength)  suggests  materials  combinations 
that  are  worth  investigating. 
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Appendix  1  -  Perturbation  Solution  for  the  Unit  Cell  of  an  X-Ray 
Multilayer 

Born  and  Wolf  (1975)  show  that  the  characteristic  matrix  solution  for 
the  unit  oell  of  an  x-ray  multilayer  (in  P  polarization)  can  be  obtained 
by  solving  eqs.  11-1-4,5  subject  to  the  boundary  conditions  of  eq.  II-1-6. 
(These  equations  assume  that  the  magnetic  permeability  is  one  at  x-ray 
frequencies).  The  case  of  S  polarization  will  be  treated  later. 

As  discussed  in  sec.  1I-1-B,  our  solution  will  be  first  order  in  the 
parameter  A ,  first  order  in  the  product  9* At  and  will  retain  all  orders 
of  the  parameter  9 .  In  fact,  the  results  derived  in  this  appendix  will 
also  retain  terms  of  order  <pn-  A  ,  where  n  may  be  any  integer.  However , 
the  analysis  of  sec.  11-4  (where  these  terms  become  important)  will  only 
be  performed  to  order  A. 

The  calculation  of  the  characteristic  matrix  elonents  tends  to  be 
somewhat  repetitive,  so  we  will  include  few  intermediate  steps  after 
calculating  the  first  one  or  two  of  these  elements. 

The  vacuvm  (i.e.  A  *  0)  solutions  to  eq.  XI-1-4  are 
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U±  (z)  «  (-1) 


ttck  cos(k'Co*9  z  -  • 5- ) 

cos  6 


for  the  odd  orders,  and 


.  m  sin(kccs9-x--?-) 

U4U)  -  (-!)»  i  —  '  xJ 


cos  6 


B 


LM*)  “  (-1)*  cod  (1^  cos  9'z  -  x) 


(A-1-2; 


for  the  even  orders. 
If  ve  set 


d(ln£(z)}  dA(z) 


dz 


dz 


*  0  (A) 


(A-l-3) 


in  eq.  II-1-4,  and  then  substitute  eqs.  A-l-1,2  into  all  terms  of  the 
differential  equation  that  are  first  order  in  A,  we  obtain 

k*e«*e  U,  -  (-1)^  -ALL  W*.  «»«•*"?■) 

+N)*1  uk'-lf&s  m(k'U,ez-Z) 
d*U 

—f  *  k*  cos*  B'  U  -  (-1)^  2k*  A(r)  sin(k  ccsBz-f) 

f  (-1)“  2k  00s 0  <AWau(kaa0.z') 

•  dz  •  * 

(A- 1-4) 


for  the  odd  orders,  end 


14 --(-I)*  L>(z)s\n{kmBz-l) 


+  (-!)*  Z ! k  Cos(k0cos&  z--j‘) 


~(-l)x  2kcos9‘~~sin(kcos&  z-j-) 

(4-1-5; 

for  the  even  orders. 

These  are  harmonic  oscillator  equations  with  known  driving  functions. 
The  well-known  Green's  function  for  such  equations  is 


6  (2,0 


H<2-0 


si»j(k  COS&-  (z~z')) 
k  cos  9 


(4 -1-0 


Our  solution  can  now  be  expressed  as  the  sun  of  a  solution  to  the 
homogeneous  equation  plus  the  integral  of  the  the  driving  function 
multiplied  by  the  Green's  function. 


'vutAjautk  L zmzxrh 


vacuum  solution  of  eqs.  A- 1-1, 2;  in  general  the  amplitudes  of  the 
homogeneous  solutions  must  be  altered  by  terms  of  order  1  +  A,  in  order 
that  their  sun  with  the  Green's  function  solution  satisfy  the  boundary 
conditions  to  order  A  . 

Our  solution  for  U1  should  therefore  be  of  the  form 


■W-*  A 

km?  ^ 


U a(z)  «M)*  i  cos(kcos6-z-  f) 


mil  2 

+  T, 


z 

— g-  j  dz'A(z')cos(kta>sOz'-j)  sin(k0cos0(z-z'j) 


(~D  *  j **  ~T^  sin  (kcosBz-  -|) sin ( k  cos  6 (z-z)) 


01-1-7) 


for  the  odd  orders,  and 


U  (z)  *  (-i)x  i  ~~  sin  (k  cosO  z  -y) 
*  cos  0  *  * 


.z 

-(-i)T  J  dz/ A (z) sin (k cos 0  z!~ ^ )  sm( k  cos G (z-z')) 

+  'dte  ( dz'  cos  (k  cos  B  ■  z-  y)  sin  (k  005  0  (z-z  )J 

/zx  Z 


(4-1-*) 


for  the  even  orders,  with  the  constant  A  (which  is  of  order  1  +  A)  still 
to  be  determined. 

He  determine  A  by  finding  the  solution  for  the  subsidiary  field  V 
that  is  defined  in  eq.  I I- 1-5. 

Differentiating  eq.  A- 1-7 ,  and  employing  an  integration  by  parts  on 
the  d  A(z)/dz/  term,  we  find  for  the  odd  orders: 


dU  ail  • 

— “  *  ("I)  *  4k#  sin(k  cosfiz-y) 


(-l)  2  A(z')cas(k'C0s6‘Z-  Yluxlk'Cxs&fz-2')) 


z«z 


+  (-l)  z  2ik  [A(z')sin(k  cM0-z'-y)  c«(k  cos0’(z-z')j[]  f 

*L  *  Jz*z1 

/z 

dz'  A  (z)  cos  (  kc os  6- z'--j-)  cos(kcos9(z-z')) 


(-1)  a  Zi k*caj  6  jdz'  A ( z)  ai«  (k  cos  0  z -■£•) sin(k  aw 9(z-z')) 


(A-l-1) 


or 

It0sin(kcos6-z- ♦  2  A  fz)j 
♦(-i)8**  Zik  A  (zj  cos  ((kcu>s9z  -  f-)  + 


(ccntiKaod  on  next  po$o) 


A-l-6 


+(“1)  2  2\k  -  cos6)  jdzL(z')cos(k  casBz-^)oos(ktos9U-2)) 

zi 

«-j  /* 

+(-1)”^”  2ik  cos©  I  dzA(z)sin(k  totO'Z-— )sin(k  ccsB(z-z)) 


so  that 


(4-1- XO,  coniinued') 


dU 


a  u  s±i  _  r  1 

*  (-1)  *  k  sin  (kccs$-z-±)[A+2(A(z)-  AU*))! 


— -  21 k*  ( "  • 

+  (-i)  4  3in*0  IdzA (z)cos (k'Ccs 9- z'-  j)cos (Incase (z- x')) 


m-i  x  (  ,  A 

+  (-i)"r2ifc  coj0  I dz'A(z)sin(k  cos9z'-2.)sin(kcos0(z-z')) 


(4-1-11) 


Similarly,  we  find  for  the  even  orders 

dU 


"JJP  •  (-x)^ik  cos(2k  ^©  z-yJ^A+^CA^z)-  A(zA))j 

~tT  s»'n*6  f  dz'A(z')  sin(k'COs9  z-j)tos(k0coj0(z-z')) 

'*x 

m  fX 

-{-l^Zik'Cos 9  I  dzA(z') cos(kcos &■  z'-j)sin(ktcoJ&(z-z')) 


(4-1-12) 


Our  origin  is  at  z  *  0.  Making  use  of  eqs.  11-1-11,12,  we  have  at  z  »  z4 
that  d U 4*  ■  ik  A  (for  all  orders),  and  also 

i  dU  A 

v» *  '  TTTtV  IT  *  TuJ 

Given  the  boundary  condition  on  Vt  in  eq.  11-1-6,  we  must  have 


A  «  C  (zt)  *  1  ♦  2A(*t)  ♦  0(a‘) 


Therefore,  to  first  order  in  A ,  we  have 


Vi(x)m(‘l)t  sin(k  cos  6-z -£) 


.sm  z  k 
+  f-l)  *  —J 

COJl 


(A-l-14) 


S'in8  jdz' A(z)cDs(kmcosGz'- ^)cos(ktcos6  (z-z')) 


/* 

-  cos1 6  I  dr' A  (x')  din  (Ic  cos  6  •  x-  y)  sin  (k  ccsfi (z-z'j) 


(A-i-is; 


for  the  odd  orders,  and 


Vt(x)  *  (-1)*  cos(kcosGz-f) 


j  s\nB{ dz'Afz'jsin^cwflz- j)cw(ko>50(z-z'>) 

^  'z 
< 

-  cos*e^ itL(z)cJ0S  (lc  COS0V-  j)  sin  (k  ccs 9  (z-x'j)  j 


(4-1-16) 


A-l-8 


1 

y 


for  the  even  orders. 

Next  **  employ  the  trigonometric  identity 


sin*e  cos  a.  cos  b  -  cos*  &  sin  a.  sin  b 


■j  cos  (a+b)  -  j  cos  29  cos  (a-b) 


( A-l-17 ) 


in  the  odd  order  case  and 


sin1 6  sin  a  o osb  •*  cos*B  cos  a  sink  s  j  sin  (a*b)  -  ~  cos  2  0  sin  (a-b) 


for  the  even  orders.  We  obtain  for  the  odd  orders 


V  (z)  -  (-1)**"  Sin  (h  cosBz-  y) 

m*i  f* 

x  cos  (k0  cosB’z-  Ids  A  (z) 


-  (-1)  ~  — — - —  [ iz  A(z)  cos  (2kcos9z-(k  cosBzf  j)) 
cote  j  *  •  * 


(A-i-iV 


and  for  the  even  orders 


V^(«)  ■  (-1)  ^  cos  (k  C050-Z  -  -j) 

-(-!)“*  MSB  sin(k.a*B'Z~'2')f  e,Z  A 


*1 

(continued  on  Hurt  pa$«) 


m, 


\  •. 
'•Vi 


I 


<- 


as 


-d 


v  *. 


•'/m 


.'■--I 


>>s 

p>  %, 

*V_  i 


GB 


V--.1 

r.y 


uaJN 


-■V-v'j 


A-l-10 


The  approximation 

COSf+M.  sin  f  m  COS  f  COS  M  +  sin  M  Sin  f  m  cos  (f-ju) 

«  cos  i 

(A-l-24) 

has  error  terms  that  are  of  second  or  higher  order  in  A  ;  the  substitution 
is  therefore  permissible  under  our  approximation  scheme. 

We  can  therefore  write  egs.  A-l-22,23  as 


V.  (x.)  -  (-1)"  cos  t  ♦  p  ♦  O(Js) 


(A-i~2S) 


A- 1-11 


We  now  sinplify  our  solution  for  Ux  .  Substituting  eg.  A-l-14  into 
eq.  A- 1-7  (odd  orders)  and  integrating  the  d  A  (*)/ d  z  term  by  parts,  we 
obtain 


Ux(*)-  (-1)  *  (i+ZA(zj)c*(k  CosBz-1) 


m*i  z;k  I* 


H)  2  /  4*±(z)cos(k cosBz-1) siH (k  cose <z-z')) 


mu  2;  F 

cois&  I  A(*)*Wkcas0z'-  "j[)sin(k*cos0(z-z')) 


/X 

dz  A  (z')C0s(ktcos6z--j)sin[kcosB  (z-z)) 
(”1)  *  2ik#  j  dz'^(z)  sin(kcos0z- ■j‘)cas(kcos9(z~z/)^ 


M-i-26) 


or 


UA(x)  «  (-1)  *  ^|(i*2A(z1))aw(k«w0x-J) 


-2A(z 


JH  jjk  /* 

♦  (-!)*  — XT  s'n  ®  ldz'A(z)coi(kcQS0z'-£)sin(kcat0(z-z')) 


A-l-12 


w*i  /*  a 

♦  (~i)  *  2ik  J  d*A(z')sin(k  cosez'-j-)cos(kcosB(x-z')) 


(A~i“ Z7t  continued  ) 


Similarly,  for  the  even  orders  we  obtain 


U  («)  -  (-1) "  ^1+2  *(zt))sin(kcos8z  - 

-  Z&CzJsin  (*&  +  (luosflz-  £))J 

“(”1)  *  4,n*®  f  d*  A  **)«'«  fk  cos  fiz'-^riiifk  cos  0fz-z')) 

*  /* 

+  (-l)*  2ik  I dzA(z)cos(k  cos  Bz- j-)cos(k  cosB  lz-z)) 

*  m 


(A-l-29) 


Using  the  trigonometric  identity 


sin  6  sin  a  sin  b  *  003*6  cos  a  si/tb  *  j  sin  (a+b)  -  ^  cos  ZB  sin  (a-b) 


(A-i-Z<t) 


for  the  odd  orders,  we  obtain 


Ujz)  -  (-1)"*"  c«8z-  |-)  +  (-i/*  ^  sin (bcos$z-j) jd*A (3 


2  k  cor  20  / 


C4-1-30; 


A- 1-14 


We  now  follow  similar  steps  to  obtain  solutions  for  and  . 

The  sun  of  the  homogeneous  solution  and  the  Green's  function  solution 
is,  according  to  eqs.  A-l-4,5,6 


lit(x)  *  (-1)  1  Bs/n(k  eosfi1*- y) 

+  (~1)~  jdz'A  ( z)  sin  (k  cos  9  z-  j)sin  ( k  cos  8  (z- z )) 

zs 

+  (-1)“*”  2 j 4z  &os(IC' cosBz- ■j-)sin(k'Cesff(x-z')) 

1  (A-1-3S) 

for  the  add  orders  (where  B  is  a  constant  of  order  it  A  ) ,  and 


Ux(*)«  (-!)**  A  cos(kcos9z- £) 


-(-i)-*  *  —  ■  f 6iA(x)cPs(koos6x~^r)Sin(,kcosB(z~z')) 
cose  ]  •  * 

Jzt 

/.% 

6z  sin  (k  ccs  6*  -  y )  jln  ( k  ® (z  ~z)) 

*  * 


(4-1-36) 


A-l-15 


for  the  even  orders. 

In  this  case,  we  can  see  immediately  that 


VO  “ 


B 


(A-i-37) 


so  that  eg.  II-1-6  is  satisfied  if  we  set  B  ■  1. 

Integrating  the  last  term  in  the  odd  order  solution  (eg.  A- 1-35)  by 
parts,  we  then  have 


U  (x)  *  (-1)  z  sin  (k  cosdi--?-) 

•  4 

w-i  /z 

+  l-l }~  -AjL  f  dz  A(z)sifi(kcos9z-j)nn(kuad(z-z')) 

'  COS0  j 

zx 

♦(-I)"11  z\a  (z)  cos(k  cos9z'-y-) «  (fc  cm  8  (*-*'))] 

1  *  *  « *t 

£ti  /* 

*(~1)  1  2kucos8 1  dz'&(z)sin(koos8z- j-)  sin(ktoos9(z-t)) 
*x 

2U  /  *  9 

+  (-l)  2  2fccos0j  Ji&(z')sin(kacos0z'-  j)cos(kcos6(z-z')) 

'z. 


( A-1-3S ) 


which,  after  algebraic  manipulation  and  the  use  of  the  identity 


SinBstnzsinb  -  cos^B  cosa.  cosh  ■  cos  (a*b)  -  j  cos  28  cos  (a- 1) 

(A’i-31) 


*-1-16 


reduces  to 


U(a)  -  (-1)  4  sin(ktcos$z  -y) 


+  (-l)  z  — —  COs(kcos9z 
cosQ  • 


JM+1 

♦  (-1)  1 


— tosze 

cos  6 


ijizA  (z')cos(Zk  cos&z'-(kcos9z+  ■—) 


(4-1-40) 


Similarly,  we  find  that  the  even  order  equation  eq.  A- 1-36  reduces  to 


U,U)- 


-(-i)  "  ^  lixfkc.Sz  -  j)JVa(z') 


*  k  /*  m 

“(■1)Tcosi  A (*)«•*  cm 8x-(k  cos 0z*  j)) 


El 


(4-1-41) 


A-l-17 


At  *  ■  *z  ,  we  find  that  for  all  orders 


Ut(zJ  "  (_1)  604  ?*"  P 


We  obtain  V4  by  taking  dU^ dz  ,  to  obtain 


JU  A  r  •! 

— -  m  (-J)  *  k  co5  0eos(k  co*0*--j)[  1  + 

*-i  fz 

+  (-l)  *  k*siii  (k  cosBx-  -J)  J  dzA  (z) 

/Z 

A 

dzA  (z') airt  (2kccs9z~(kcos6x  +  j-)) 


(A-l-42) 


'( A-L-43 ) 


for  the  odd  orders,  where  we  have  used  the  identity 
1  4  oo6  2  6  »  2  oos*0. 

At  z  ■  zx  ,  we  find  to  our  usual  approximation 


V  (z  )  m  ;  cos  9  (9ini  -  r) 

» '  * 


(4-i-44; 


A-l-18 


Similarly,  we  find  for  the  even  orders 


Vz(z4)  -  ia»0(-3i»it -r)  (A-t-tf) 


Combining  our  results  to  this  point,  we  find  that  the  characteristic 
matrix  for  the  Kth  cell  in  ^-polarization  is 


y,K*i 


*,*♦1 


(-i )m cos icase((-i)  aint^-r^)  \  /E 


ita  O  (-ifcw  V  pK 


CA-i-46) 


The  case  of  S  polarization  is  somewhat  simpler  to  solve  than  that  of 
P  polarization. 

Born  and  Wolf  (1975)  show  that  the  characteristic  matrix  solution  for 
S  polarization  is 


fw  -U(zt)  \  1*%(ZX) 


My  <*;> 


Vh' 


«,  (zt) 


( 4-1-47 ) 


where  the  boundary  conditions  of  eq.  II- 1-6  apply  as  in  the  P  case,  but 
now 


— I" +  k.  (^o-5ine)u  t 


=  0 


(A-l-49) 


1  “L* 

k  dz 


The  vacuum  solutions  are 

U  (z)  *  (-1)  ~  — CJX  (k  cos  8z- 
l  1  '  cos  9  K  z 

Wfi  a 

Ut(a)  •  (-1)“*"  Si*  (k  CM  02-—) 


(A-l'49) 


for  the  odd  orders,  and 


*  f'O  2  *in  (kcos$z-l ) 

l^U)  •  (-1)  *  cos  (kcos8x-~) 


U-i'50) 


for  the  even  orders. 

Using  the  perturbation  method,  eq.  A-l-48  beocines 


d  U  x  2  2»k  A(z)  » 

- -  +  k  c os  G  U  ■  (-l)  *  - - —  Cos(kcos6z 

*  CO5  0  • 


4ZU 


dz* 


r-  4  k*c(WX0* 11 

•  * 


W-i 


(-1)  4  2k*A(z)  tin  (k  a«0x--|-) 


(A  -1-51) 


for  the  odd  orders. 


A-l-21 


Me  will  find  that  in  the  case  of  S  polarization,  we  can  dispense  with 
the  constants  A  and  B  that  were  required  to  satisfy  the  boundary 
conditions  in  the  P  case. 

Our  solution  for  UA  in  odd  orders  is  therefore 


U  (*) 


m-i 

M)  * 


£75  «*(*«*•*-  T) 


+  (-U  4 


coaxe 


j  dz'A (z)  cas  ( kc os 6z-  ~) sin  ( k  cos 6(z- z)) 


(A-L-SZ) 


Using  the  identity 


cos  a  sin  b  *  -y  sin  (a+b)  -  sin  (a-b) 


(A- 1- 53) 


we  get 


U(*)  *  (-1)  2  cosfka>s0z-|-) 


Eli  i  k  9  (  /  / 

+  f-l)  2  cqszq  sin(kcasBz  -  y)  f  d*  A  (z)  (/|-i-54) 


m-i  ik  (z  m 

+  H)  4  -^fr  I  dzA(z)sin(Zkcosez~(k'Cosez  +  j)) 


A-l-22 


which  at  z  ■  x  becanes 


U  (*; 


—(sint-rj*  0(A*) 


(A-l-SS) 


Similarly,  we  find  for  the  even  orders 


KW  “  ^75  (~sini  -  r)  (A-1-S6) 


We  note  that  in  the  case  of  S  polarization,  the  parameter  r  in  the 
above  equations  is  defined  with  the  factor  P  set  equal  to  one  (see 
eq.  I 1-1-5) . 

To  obtain  V1  ,  we  differentiate  eq.  A- 1-54  with  respect  to  z  to 
obtain  after  cancellation 


dU  m±i  9 

- —  *  (”i)  4  ik  sin (k  cose*- y) 

QZ 

*tl  Ic*  9  /z 

*H)  *  ^  ustkusBz-l)  Nz'a(z) 

*. 

ml  k*  /*  • 

♦  (-l)  4  1 4z  A(z')cos  (Zk'Cosdz'-  (kcos&itj) 


C A-1-S7 ) 


A-l-24 


which  reduces  to 


Ut(*4)  *  -  cost  +  p  (A- 


at  z  ■  z}  .  For  the  even  orders  we  obtain 


U  *  cost  +  p 


(A- 


For  Vt  we  obtain 


Vjz) 


•  dU  m-i 

-  7-  — —  *  (-1)  a  cos 6  cos  (k  cosBx 
k  dz  •  a 

,z 

+  (-i)  a  sin  (k^cosSz-yO jdzA(z) 

mx  /z  . 

+  (-l)  *  j  A(x/)%in(zktcos9*'-(k0cos0x*j)) 


(A- 


for  the  odd  orders,  which  becomes 


V  (x  )  *  i  cos  0  (s/nt  ♦  r) 


'61) 


' 62 ) 


i-63) 


i-64) 


A- 1-25 


at  z  ■  .  In  the  even  orders. 


V.  (z)  *  i  co s9(-3int+r) 

it 


(A- 1-65) 


The  characteristic  matrix  equation  under  S  polarization  is  thus 


(-i)m cost r  rH  !\ 

■icosd  ((-i)* sin  i*  ♦  rK)  l-lfcost^* p 


This  S  matrix  and  the  P  matrix  of  eq.  A- 1-47  are  not  equal  at  B  *  0 
This  is  a  consequence  of  the  definitions  in  sec.  II-l-B; 


E  -  E„  X 


in  S  polarization,  while 


■w: 


A 

x 


m 


A- 1-26 


In  P  polarization.  (See  fig.  11-1-2) .  Under  these  definitions  it  is 
inpossible  to  rotate  the  coordinate  axes  in  such  a  way  that  the  S  case  at 
normal  incidence  is  transformed  into  the  P  case  (so  long  as  the  z  axis  is 
required  to  point  towards  the  substrate) . 

However,  as  discussed  in  sec.  1I-1-B  it  is  convenient  to  modify 
eqs.  A- 1-47 ,66  in  order  to  facilitate  calculations  at  angles  off  normal 
incidence. 

If  we  define 


*  *  £* 

H  *  Hy/cosff 


(A- 1-61) 


in  S  polarization,  then  we  can  set 


t  •  (1  ♦  f )  A 
W  «  (i-  *)  A 


(A-l-70) 


for  all  8  (see  fig.  11-1-2).  Here  A  is  some  K- dependent  field  amplitude. 
Because  of  the  plus  sign  that  appears  in  the  first  of  eq.  A-l-70,  these 
definitions  satisfy  the  usual  thin  film  convention  where  ^  is  read  and 
positive  if  the  reflected  electric  field  ocnponent  parallel  to  the 
interface  is  in  phase  with  the  incident  component. 


If  we  now  convert  eq.  Arl-66  into  an  equation  involving  these  new 
field  quantities  we  obtain  eq.  II-1-14.  In  the  remainder  of  the  text  it 
is  this  matrix  solution  that  is  referred  to  as  the  characteristic  matrix 
solution. 

It  would  be  convenient  to  be  able  to  employ  eq.  A- 1-14  in  the  case  of 
P  polarization  as  well  (with  eq.  A- 1-70  still  obtaining) . 

In  order  to  have  eq.  11-1-14  apply  to  P  as  well  as  S  polarization  at 
normal  incidence,  the  equation  must  remain  consistent  with  eq.  A- 1-70  when 
the  coordinate  axes  are  rotated  to  bring  x  from  its  original  direction 
along  the  incident  E  field  into  a  direction  aligned  with  the  incident  H 
field. 

From  fig.  II-1-2,  we  therefore  require 


t  m  -  /cos  9 

W  -  M„ 


in  P  polarization 


Appendix  2  -  Difference  Equation  for  Amplitude  Reflectivity 


In  this  appendix  we  use  a  well-known  procedure  to  convert  the  matrix 
solution  that  propagates  the  field  components  from  cell  to  cell  into  a 
difference  equation  that  propagates  the  amplitude  reflectivity  from  cell 
to  cell. 

In  the  x-ray  case  the  difference  equation  is  a  Ricatti  equation  under 
our  usual  set  of  approximations. 

Combining  eq.  A-l-70  with  eq.  I 1-1-14: 


so  that 
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or,  after  manipulation 


-  CrK+  pK) 


(A-2-3) 


Neglecting  terns  of  order  A*  t 
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Appendix  3  -  Reflectivity  of  a  Periodic  Multilayer  with  J  Cells 


Here  we  solve  the  difference  equation 


■  ««-  z;*e.  -  + 

in  the  case  of  constant  coefficients.  When  the  coefficients  are  constant, 
there  is  no  disadvantage  in  converting  eq.  A-3-1  to  a  differential 
equation,  so  as  to  obtain  eq.  II-1-25.  With  constant  coefficients  this 
equation  is  separable,  and  so 
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't 


_ ^ _ 

(irep)  2itf  *  (ir-  p> 
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The  upper  subscript  of  the  integral  on  the  right  side  has  the  value  J-l  so 
as  to  follow  the  enuneration  scheme  established  in  sec.  II-l-B.  The 
reflectivity  of  the  substrate  has  been  taken  to  be  zero;  however  our 
results  are  easily  extended  to  the  more  general  case. 
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Appendix  4  -  Sufficient  Criterion  for  the  Bragg  Condition 


In  sec.  II-2-B  we  found  that  a  necessary  condition  for  the 
satisfaction  of  the  Bragg  condition  Re (5 )  »  0  was  that  the  shift  in  the 
phase  thickness  of  the  cell  front  x  radians  be  given  by 
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(A-4-i) 


We  now  show  that  eq.  A-4-1  is  also  a  sufficient  condition;  as 
discussed  in  sec.  II-2-B  this  is  the  same  as  showing  that  when  Im(  5*) 
equals  zero,  Re  (5*)  must  automatically  be  less  than  zero. 

According  to  eq.  II-2-4  we  therefore  need  to  Bhow  that 


*'*-  tl-  (r**  pV  <  0  M-4-2) 


rr  +  p  p  ♦  2r  r  p  p 


/A  »X  IX  NX 

t  -T+r-p+p 


(r  +P 


(-4-4-4) 


it  is  sufficient  to  show  that 


N *  *1  «A 

T  +  P  <  t 


(4-4-5) 


because  the  second  term  in  parentheses  in  the  last  part  of  eq.  A-4-4  is 
always  positive,  and  the  third  term  is  positive  after  being  squared. 
Using  the  definitions  of  eqs.  I 1-1-15,  we  rewrite  eq.  A-4-5: 
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Similarly, 
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Adding  gives 
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which  is  the  desired  result. 
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Appendix  5  -  Ccnparison  of  Absorption  Correction  to  Dispersion 


Correction 

In  this  appendix  we  show  that  the  absorption  correction  must  always 
be  mailer  than  the  dispersion  correction,  so  long  as  the  real  part  of  the 
unit  decrement  is  negative  throughout  the  unit  oell.  This  means  that  the 
absorption  correction  will  be  less  than  the  dispersion  correction  except 
in  regions  of  strong  anomalous  dispersion,  sinoe  it  is  only  in  such 
regions  that  the  decrement  can  have  a  positive  real  part. 

It  will  be  sufficient  to  show  that  the  absorption-induced 
contribution  to  the  total  refractive  phase-shift  is  less  than  the 
contribution  from  dispersion,  i.e.  that 


/  »  •  it 

y  r  *  ?? 

MU* 


<  1 


( A-5-1 ) 


(see  eq.  I 1-2-36) . 

If  the  decrement  has  a  negative  real  part  everywhere,  both  miner a tor 
and  denominator  an  the  left  side  are  negative.  If,  on  the  other  hand,  the 
decrement  can  have  a  positive  real  part,  then  the  dispersion  correction 
may  became  arbitrarily  small,  and  it  is  even  possible  for  the  denominator 
of  eq.  A-5-1  to  be  zero.  We  will  assure  that  both  nunerator  and 
denominator  in  eq.  A-5-1  are  negative. 


Ohder  our  assmptions,  A  (zt)  A  (z^)  is  always  negative,  and  so 
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<  1 
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because 


COS  (2k  cos  0^-zj)  |  ^ 


(AS-r) 


Since  there  is  a  linear  relation  between  phase  thickness  and 
d- spacing  or  the  reciprocal  of  wavelength,  eq.  A-5-4  implies  that  the 
absorption-induced  shift  in  either  of  these  quantities  is  less  than  the 
dispersion  induced  shift. 

According  to  eq.  II-2-35  the  relation  between  angular  shift  and  phase 
shift  is 


A  6  m  J  tan*  ♦  ""  **  -  tan 

(A-S-6) 

which  is  non-linear  near  normal  incidence.  However,  eq.  A-5-6  is  still  a 
■anotonic  function  of  9  ,  so  that  the  greater  portion  of  9  that  is  due  to 
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Appendix  6  -  Algorithm  for  Calculating 

In  this  appendix  we  present  an  algorithm  for  solving  the 
transoedental  equation 


A 


A*  ♦  " 


M-<-D 


where 


A*  -  A* 

H  L 


We  will  first  present  a  two  fold  method  for  obtaining  initial 
estimates  of  fi0ft  • 

In  the  multilayer  designs  of  greatest  interest  there  is  significant 
contrast  in  absorption  between  the  two  constituent  materials,  making  the 
paraneter  W  fairly  small. 

In  this  case  ^0ft  i*  also  mnall,  and  we  can  set 


«« 


J 


(A-6-3) 


Xf  we  neglect  the  last  term  cn  the  right,  substitute  into  eg.  A-6-1,  solve 
for  P oft  1  then  substitute  our  solution  back  into  the  previously 

neglected  fifth  order  term  in  eg.  A-6-3,  we  get  after  again  solving  for 


(A-6-4-) 


We  can  keep  this  from  diverging  rapidly  at  large  W  by  making  the 
substitution  in  the  last  term 


W 


W 

1  +W 


(A-t-5) 


to  obtain 


( ITw) 


Vj 


Fig.  A-6-1  shows  a  plot  of  this  seed  function  (which  we  will  refer  to  as 
the  "small-W*  seed  function) . 


In  an  exhaustive  search  for  multilayer  materials  combinations  (such 
as  that  presented  in  sec.  II-2-C) ,  one  might  wish  to  calculate 
cases  where  W  will  not  be  small.  In  such  cases  the  small-W  seed  is  not 
very  accurate.  If  m  define 


v  «  f -  A* 


lA-l-7) 


and  set  cn  the  assumption  that  v  is  small 


B  7 


(A-t-l) 


eq.  A-6-1  becomes  a  quadratic  whose  solution  is 


f  -v  -  4  [*-(*♦!)♦  Jfr'if-* 

a  ■ 


(A-6-1) 


This  large-W  seed  formula  is  also  plotted  in  fig.  A-6-1. 

We  now  present  two  iteration  methods  that  rapidly  converge  to  the 
exact  solution  from  these  initial  seeds. 


When  W  is  small,  we  use  Newton-Raphson  iteration,  so  that 


Jec4^-1 


For  large  W,  we  use  the  iteration  scheme 


p.^x  •  arete*  ( p.  ♦  V) 


This  scheme  is  quite  convenient  to  use  with  a  pocket  calculator  (if  it  has 
inverse  trig  keys). 

The  two  seed  formulae  have  equal  departures  from  the  true  solution  at 
the  transition  point  W  ■  0.656.  The  search  program  described  in 
sec.  II-2-C  uses  this  W  value  to  sep-  ,  the  two  regions  in  which  the 
different  formulas  are  applied.  A  slight  increase  in  computational  speed 
could  have  been  obtained  in  the  program  if  the  dividing  value  of  W  had 
taken  into  account  the  longer  time  needed  to  evaluate  eq.  A-6-6  in 
catparison  with  eq.  A-6-9. 

The  point  W  »  0.656  also  turns  out  to  be  approximately  the  point  at 
which  the  two  iteration  equations  A-6-10  and  A-6-11  require  equal  numbers 
of  steps;  of  course  the  precise  transition  point  is  dependent  on  the 
desired  final  accuracy. 
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Appendix  7  -  Peak  Reflectivity  at  Periodic  Multilayer! 


In  this  appendix  we  calculate  the  reflectivity  of  a  periodic 
■ultilayer  operating  at  the  Bragg  condition. 

According  to  age.  XI-2-11  and  26,  we  oust  calculate 
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Ir-.-fl* 


(A-T-l) 


evaluated  at  Re( S  )  ■  0.  Being  eg.  II-2-30, 
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(r**  ,*)' 


( A-T-Z ) 


Thus,  with  aane  aanipulatian,  we  find 
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(4-7-J/  continued) 


It  -  ip  I* 


r»f;  t  (r  -  p) 

Irl*  ♦  lpl*+Z(r>'-  r'p') 


we  obtain  «q.  II-2-45. 


(A' 7-4) 


Appendix  8  -  Demonstration  that  the  Periodic  Ifaltilayer  has  an 
Kxtr— w  Reflectivity 

Let  v4  ,  v4  ,  ...  vw  be  the  ntsaerical  values  of  the  (not 
necessarily  equal)  changes  that  are  made  in  some  structural  par— e  ter  of 
each  of  the  J-l  cells  of  a  periodic  Multilayer  whose  structure  is 
initially  optimized  in  accordance  with  the  formulas  of  sec.  II-2-B. 

Since  variations  in  structure  must  ultimately  represent  variations  in 
real  physical  quantities,  the  v„  can  be  assisted  to  be  real. 

To  Show  that  the  reflectivity  is  an  extrmmn  with  respect  to  the  vB  , 
we  show  that  in  lowest  order  the  intensity  reflectance  I ^  I  is  not 
changed  by  the  vK  variations.  We  will  only  consider  the  steady-state 
regime  where  the  formulas  of  sec.  II-2-B  apply. 

In  lowest  order 


Pt  ■  |»  ♦  P.  V«  (A-f-1) 

*  mi  ♦  t  V 

*«  •  i 


where  the  dot  represents  differentiation  with  respect  to  the  physical 
par— e ter  wider  consideration. 


Ik-8-2 


We  now  follow  a  standard  perturbation  aethod  for  ordinary 
differential  equations  (Schiff,  1968) 

Let 
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A-8-3 

^  is  thus  the  ideal  reflectivity,  which  is  assuaed  to  be  in 
steady-state. 

The  total  solution  o  will  satisfy  the  (first  order  in  •  and 
A)  equation 


(k-t-s) 


to  within  first  order  in  the  . 
Prom  eq.  11-2-3, 


«.  * 


(A-f-6) 


so  that  eq.  Jk-6-4  becomes 


(A-$-7) 


This  equation  is  linear,  so  its  solution  is 


ti  T.1]  <. v- 


«■*  (i-lS.) 


where  we  have  act 


i*. 


since  the  multilaiyer's  unit  cell  thickness  is  assumed  too  have  been 
optimized,  Baking  Ret  4,)  *0. 

Pram  eqs.  11-2-41  and  11,  we  have  for  a  periodic  multilayer  optimized 
with  respect  too  each  of  the  parameters  represented  by  the  vK  ’• 

lm  [zt.*  (r  -  ip_)  (  ♦  (\t  ip_)  l/fj 

«  0  (A-t-10) 

Let  the  quantity  in  brackets  in  eq.  RrB-10  then  be  denoted  *  ,  with 
Xm(rf)-0. 

Since 


(A-f-U) 
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Appendix  9  -  Two-by-Two  Optimization  of  X-Ray  Multilayers 

In  this  appendix  tie  show  how  to  calculate  those  thicknesses  for  the 
uppermost  pair  of  layers  in  an  x-ray  multilayer  that  will  maximize  the 
reflectivity  of  the  entire  multilayer  stack,  given  that  the  preoeeding 
stack  has  a  reflectivity  . 

As  discussed  in  sec.  II-l-B  we  must  include  terms  of  order  f  •  A  in 
this  calculation.  It  will  therefore  prove  convenient  to  carry  out  the 
initial  part  of  the  calculation  in  terms  of  the  parameters 
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-  cos  B  4 
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(A-t-l) 


rather  than  the  parameters  f  and  p  .  While  the  parameter  pM  appearing 
in  eq.  II-2-15  is  formally  the  same  as  that  defined  in  eq.  A-9-1,  we  will 
not,  for  the  first  part  of  the  analysis  in  this  appendix,  be  using 
"zeroth"  order  approximations  (such  as,  for  example,  eq.  II-2-43) .  The 
greater  accuracy  that  we  are  using  at  present  will  be  indicated  by  the  use 
of  the  H  subscript  on  the  parameter  p  .  In  contrast  the  unsubscripted 
parameter  p  may  be  regarded  as  a  division  parameter  with  radian  units, 
rather  than  as  a  precise  phase  thickness. 


Figure  A-9 


A-9-3 


Fran  fig.  A-9-1  and  the  definitions  of  eqs.  11-1-15,  we  have 


(A  sin  5  co  sB  ♦  A  cm  6  si*  5  )P(6)  stc*0 
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Eg.  A-9-2  differs  from  eq.  II-2-15  due  to  the  inclusion  of  terms  of 
order  and  f  •  A  ,  and  also  due  to  the  nor»-centr  osynmetr  ic  geanetry  of 
fig.  A-9-1. 

The  anplitude  recursion  equation  eq.  11-1-20  be ocmes 


We  now  differentiate  &  with  respect  to  the  phase  thickness 
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of  the  final  low  index  layer.  Writing  n 
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(A-9-4) 


Neglecting  terms  of  order  A  : 
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vie  obtain  after  neglecting  terms  of  order  A  : 
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Similarly,  differentiating  with  respect  to  % : 
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which  leads  to  the  condition 
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Me  will  now  convert  back  to  the  peraneters  f  and  p  in  order  to 
facilitate  comparison  with  earlier  results.  For  reasons  discussed  in 
sec.  II-l-B,  it  is  only  necessary  to  retain  terns  of  order  f  •  A  prior  to 
perforating  the  differentiations  necessary  for  the  optimization.  Therefore 
at  this  stage  in  the  calculation  we  can  follow  a  procedure  similar  to  that 
used  in  optimizing  the  periodic  case,  and  neglect  terms  of  order  9-  A  when 
optimizing  fi  . 

To  obtain  an  optimization  condition  for  the  parameter  p  ,  tie 
therefore  use  the  "zeroth"  order  relations 
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where  we  have  set  m  0  • 

Substituting  into  eq.  A-9-8, 
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or  re-arranging 
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h-  9-8 


Similarly,  using  the  relation  p  ♦  fl  *  x.  -  f  ,  eq.  a- 9-10 
becomes  an  optimization  oondition  for  the  parameter  ^  which  is  accurate 
to  order  f-  A  : 
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Egs.  A-9-13,14  are  of  the  form 
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with  x  the  unknown. 


Introducing  the  notation  s  arg(G)  for  the  arguments  of  the 
various  complex  parameters,  we  have 
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and  using 
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we  have 
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so  that 
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implying  this  result  to  eq.  A-9-14  we  find  that  a  is  given  by 
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(A’1-2A) 

Bq.  II-4-8  can  be  obtained  from  eg.  A-9-13  if  we  use  the  identity 
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Substituting  into  eq.  A-9-23: 
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We  have  found  from  nunerical  tests  that  the  correct  results  are 


obtained  if  the  standard  lowest  order  returns  to  the  inverse  trigonometric 
functions  are  used  in  eqs.  A- 9-24  and  27;  the  equations  have  been  written 
in  a  fora  that  yields  this  result. 
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Appendix  10  -  Effect  of  Accumulating  Thickness  Errors  Outside  the 
Steadi-State  Regime 

In  this  appendix  we  calculate  <  R,>  outside  the  steady-state  regime 
for  multilayers  that  contain  accumulating  thickness  errors. 

He  first  obtain  an  approximate  K-de pendent  solution  to  eg.  II-5-12. 
Ate  fourth  term  an  the  right  of  eg.  11-5-12  is  catpared  to  the 

constant  second  term,  and  attains  its  largest  magnitude  only  as  the 
steady-state  is  approached. 

In  the  steady-state,  this  term  is  given  by  eg.  I 1-5-2 3.  If  we 
substitute  for  the  fourth  term  the  approximate  expression 


-<Ay*>  <^> 

-  iS_  ♦  Z  < 


(A~ 10- 1) 

then  this  term  will  go  to  the  correct  limit  in  the  large  K  regime  where  it 
is  numerically  meet  significant.  In  addition,  the  term  will  correctly  go 
to  sero  when  K  is  snail,  or  when  <Ag*  >  becomes  large.  (In  eg.  A-10-l,the 
subscript  on  J ^  indicates  that  eg.  II-5-15  is  to  be  evaluated  in  the 

steady-state) . 


A- 10-2 


8qs.  XX-5-12  and  A-10-1  complete  the  statistical  treatment  of  the 
terms  in  eg.  IX-5-5.  As  discussed  above,  the  principle  advantage  of  the 
difference  equation  formulation  lies  in  performing  this  statistical 
treatment,  and  it  is  now  easiest  to  proceed  fay  converting  eg.  XX-5-12  to  a 
differential  equation. 

Using 
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eq.  11-5-12  can  be  written  under  our  approximation  scheme: 
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Since  the  reflectivity  of  the  substrate  is  small,  the  exact  boundary 
condition  applied  to  eq.  A-10-3  becomes  uninportant  if  the  multilayer 
contains  more  than  a  few  layers.  For  simplicity  we  will  set  <  £  >  •  0  at 


A-10-3 


the  substrate. 

The  solution  of  eg.  A-10-3  is  straightforward,  and  is  similar  to  that 
presented  in  Appendix  3  for  the  defect-free  case.  We  find 
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In  order  to  find  <  R.^  >  we  oust  now  solve  eg.  Xl-5-22  outside  the 
steady  state  regime.  As  a  linear  difference  equation,  eg.  II-5-22  has  the 
formal  solution 
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Eg.  A-10-8  can  easily  be  evaluated  numerically  using  eg.  11-5-35,  but 

an  analytic  solution  that  is  quite  accurate  can  also  be  obtained. 

x 

He  first  find  an  approximate  expression  for  |  <  ^  , >  |  to  use  in  the 

r  * 

simation.  In  the  soft  x-ray  regime,  <p  >  tends  to  be  somewhat  snail 
compared  to  one,  so  that  the  denominator  of  eq.  A-10-7  is  approximately 
unity,  and 


l<t  _,>l* 
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(Bq.  A- 10-9  is  compared  to  eq.  A-10-7  in  fig.  A-10-1) . 

Bq.  A-10-9  is  quite  accurate  when  K  is  large,  since  the  neglected 
tern  in  the  denominator  of  aq.  A-10-7  is  then  small.  To  improve  the 
fractional  accuracy  of  eq.  A-10-9  when  k'  is  snail,  we  re-normal ize  to 
k'  «  J  (where  J  is  the  index  of  the  left-hand  side  of  eq.  A-10-8)  to  obtain 
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The  large  k'  terns  dominate  the  sum  over  K/  in  eq.  A-10-8  since 
|  <  p  >  |  is  most  significant  in  that  case.  For  this  reason  we  make 
the  approximations 
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TEST  OF  APPROXIMATE  SOLUTION  FOR  |<p.>|2 
TUNGSTEN-CARBON  MULTILAYER 


Final  solution  lor  l<Pj>l 
Approximate  solution  for  l<pj>l 4 


o=0 


a  =  0.4A 


a  =  1.0  A 


Plots  are  for  a  W/C  multilayer  reflecting  67.6A  radiation 
at  normal  incidence.  dw  =  7.6&,  dc  =  26.5A. 


Figure  A-10-1 


A-10-8 


for  the  smnatians  in  the  exponents  an  the  right  of  eq.  A-10-8.  Me  note 

that  these  animation  terns  in  the  exponents  tend  to  be  snail  oaqaared  to 

* 

the  terns  proportional  to  m  that  preoeed  than. 

Bq.  A-10-8  is  now  reduced  to  the  sin  of  four  geometric  series 
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Noting  that  terns  of  the  form  exp(o()f  where  ei  is  of  order  A  ,  can  be  set 
to  1,  and  using 
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we  find: 
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Continued  ) 


where  <  p  >  is  determined  from  eq.  A-10-7 ,  and  $  ”  from  eq.  1 1-5-15. 
<  R.j  >  can  then  be  determined  tilth  eq.  II-5-36. 

In  order  to  show  the  accuracy  of  the  assumptions  made  in 
eqs.  A- 10-8 , 15 ,  we  have  ooapared  in  fig.  A-10-2  an  explicit  numerical 
evaluation  of  the  simnation  of  eq.  A-10-8  to  the  analytic  expression  of 
eq.  A-10-15 .  Eq.  A-10-7  is  used  in  both  cases  to  evaluate  <  p  >  .  Our 

'  K 

usual  X  ■  67.6A  example  is  used. 
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RANDOM  COMPONENT  OF  REFLECTED  BEAM 
(TUNGSTEN-CARBON  MULTILAYER 
CONTAINING  THICKNESS  ERRORS) 
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Appendix  11  -  Phenomenological  Solution  for  Multilayer  Reflectivity 
in  the  Presence  of  Ncn-Aocunulating  Errors 

In  this  appendix  we  calculate  the  reflectivity  under  a  simplified 
model  of  non-accumulating  random  thickness  errors  in  which  the  physical 
layer  interfaces  are  taken  to  be  randomly  displaced  in  an  uncorrelated  way 
from  their  ideal  positions. 

we  use  a  quasi-oentrosynmetric  cell  decarposition,  as  shown  in 
fig.  A-ll-1.  Here  f  k  R  and  f  H  H  are  the  shifts  in  position  of  the  L  and 
H  interfaces  of  the  Kth  cell. 

Although  we  may  speak  of  fM  as  being  the  error  in  the  Kth  high  index 
layer,  it  is  more  accurate  to  consider  f  H  to  be  the  error  in  truncation 
of  the  Kth  high  index  layer  (and  similarly  for  the  low  index  layers) . 

The  ISRM  operator  will  attempt  to  perform  these  layer  truncations  at 
the  appropriate  points  in  the  ISRM  oscillations,  and,  if  the  multilayer 
contains  more  than  a  few  layers,  these  oscillations  will  not  be 
significantly  influenced  by  any  one  individual  layer  error  in  the 
preceeding  stack. 

Thus,  it  is  plausible  to  treat  the  f  values  as  unoorrelated  and  as  having 
sero  mean.  However,  the  more  rigorous  analysis  of  sec.  II-6-B  shows  that 
this  assumption  is  not  strictly  accurate. 

From  fig.  A-ll-1  and  the  defining  equations  in  eq.  II-1-15,  we  find 
after  manipulation  that  the  structural  parameters  in  eq.  II-1-20  are  given 
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Thus,  eq.  II-1-20  becomes  in  first  order 
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A- 11-4 


Taking  expectation  values,  neglecting  quadratic  terms  in  ^  ,  and 
neglecting  terms  of  order  f  •  A  ,  yields  eq.  1 1-6-17. 

We  now  derive  an  approximate  expression  for  the  incoherent 
reflectivity  <  |  9  | x  >  in  order  to  show  that  our  neglect  of  quadratic 
terms  in  ^  is  reasonable. 

If  we  take  the  expectation  value  of  eq.  A- 11-3  without  neglecting 
terms  of  order  f  •  A  or  A  (but  neglecting  terms  of  order  <p  •  A  ,  and 
A3  ),  and  then  subtract  from  eq.  A- 11-3,  we  obtain  the  following  equation 
for  ^ 
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(4-11-4  continued) 


When  we  take  the  magnitude  squared  of  this  equation,  tie  will  find 

~  .1. 


that  the  principal  driving  term  for  <  |  ^  |  >  is  the  magnitude  squared  of 
the  third  term. 


Since  our  purpose  in  calculating  <  I  ^  l*>  is  to  verify  our  basic 


assumption  that  <  |  ^  |  >  is  a  very  small  quantity,  we  will,  for  purposes 
of  illustration,  make  the  same  simplifying  assumption  as  was  used  in 
obtaining  eq.  II-6-23,  namely  that  the  L  and  H  layer  errors  have  equal  RMS 
magnitudes;  for  a  fixed  total  RMS  error  per  oell  we  would  not  expect  the 
relative  proportion  of  the  L  and  H  errors  to  dramatically  affect  the 
result. 


If  we  take  the  expectation  value  of  the  magnitude  squared  of  this 


third  term,  neglecting  terms  of  order  A  (but  retaining  terms  of  order 


A  ) ,  we  obtain 
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The  lowest  order  terns  in  this  result  are  of  order 
order  the  tern  beccnes 
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He  draw  two  conclusions  front  this  result. 

First,  sinoe  the  principal  driving  tern  is  of  order  A  ,<1^1  > 
will  be  of  the  order  of  A  divided  fay  the  magnitude  squared  of  the 
coefficient  of  f  in  the  second  tern,  less  unity.  The  latter  has  a 
magnitude  squared  that  is  of  order  A ,  so  we  can  expect  that  <1  ^l*>  trill 
be  of  order  A  . 

This  means  that  we  need  only  retain  terms  of  order  A2  when  squaring 
eq.  *-11-4  if  we  wish  to  obtain  a  steady-state  solution  for  <  |  ^  |*>  that 
is  accurate  in  lowest  order. 

Sinoe  sq.  *-11-4  contains  all  terns  of  order  A ,  it  will  be  possible 
to  obtain  all  terns  of  order  A2  after  the  equation  is  squared,  sinoe  the 
lowest  order  terns  in  the  equation  are  of  order  / A  . 

Second,  if  we  oonpare  eq.  A-ll-6  with  eq.  A-ll-5,  we  see  that  we  can 
simplify  sq.  A- 11-4  considerably  before  squaring  it  if  we  are  only 
interested  in  terns  of  order  A  . 
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By  considering  each  tern  in  eg.  A- 11-4,  we  find  that  it  can  be 
written  in  lowest  order  as 
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Denoting  the  five  terms  in  this  equation  as  A,  B,  C,  D,  and  E  for 
sinplicity,  tie  find 
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(A-ll-f,  continued) 

If  we  solve  for  <  |  ^  |*  >  in  the  steady-state  we  obtain  eq.  II-6-19 


Appendix  12  -  Effect  of  Interlayer  Diffusion  on  Unit  Cell  Parameters 


In  sec.  II-6  we  have  considered  a  model  for  interlayer  diffusion  in 
which  the  ideal  sharp-interface  structural  profile  of  a  periodic  bilayer 
(shown  in  fig.  I I- 2-1)  is  convolved  with  some  snoothening  function  g(z) . 

Since  the  cell  structure  is  centrosyirmetric  and  the  multilayer  is 
periodic,  we  might  regard  the  cosine  transform  that  defines  the  parameter 
r  in  eq.  II-1-15  as  a  Fourier  transform,  and  conclude  from  the  convolution 
theorem  that  the  effect  of  diffusion  will  be  to  multiply  r  by  the  Fourier 
transform  of  g. 

In  this  appendix  we  show  that  because  A  (z)  is  periodic,  this 
conclusion  is  correct  even  though  the  parameter  r  is  actually  a  truncated 
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Appendix  13  -  Analysis  of  the  Ring  Cavity 

In  this  appendix  we  present  an  analysis  of  the  ring  cavity  devised  by 
Bremer  and  Kaihola  (1980) . 

We  first  calculate  the  limiting  throughput  of  a  cavity  made  from 
grazing  reflectors  having  a  complex  index  of  refraction  n  , . 

Let  £  be  the  angle  of  incidence  to  each  surfaoe.  At  each  reflection 
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we  have  after  Manipulation 
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The  total  nunber  of  reflections  M  is  n  /$  ,  so 
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By  similar  steps,  we  obtain  for  the  P  case 


To  first  order  in  *  n  ^  -  1  ,  eqs.  A-13-7  and  8  both  reduce  to 
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*  / 

If  is  now  treated  as  waall  ocspared  to  (a  good 

approximation  at  shorter  x-ray  wavelengths),  eq.  II 1-2-6,  first  derived  by 

Brewer  and  Kaihola  (1980) ,  is  obtained. 
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The  coefficient  of  the  eeoond  order  tern  for  A#  in  eq.  A- 13-7 
differs  from  that  of  the  second  order  tern  in  eq.  A- 13-8  by  a  factor  of  7; 
at  very  soft  x-ray  wavelengths  (greater  than  7S&  or  so)  eq.  A-13-9 
therefore  becomes  inaccurate  for  certain  materials. 

We  now  obtain  an  approximate  formula  for  the  number  of  reflections 
M  required  to  approach  the  limiting  throughput.  TO  do  so  tie  must 
work  to  third  order  in  £  )  for  simplicity  we  retain  only  first  order  terms 

in  A  . 
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We  must  calculate 
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For  P  «  1,  eq.  A- 13- 10  reduces  to 
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We  find  after  straightforward  manipulations 
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Then  from  eq.  A-13-13 
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(continued  on  neti  ) 
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Appendix  14  -  Scalar  Model  of  Smoothening  Films  Roughness 

Our  formalism  follows  Eastman  (1978),  and  treats  the  reflection  from 
each  interface  using  scalar  scattering  theory.  In  a  nutshell,  the  theory 
makes  the  assumption  that  the  near-field  reflected  amplitude  above  some 
rough  feature  has  a  phase  aberration  equal  to  twice  the  local  roughness 
height,  but  is  unaffected  in  magnitude,  in  essence  we  take  the  magnitude 
of  the  reflectance  to  be  given  by  the  undegraded  Fresnel  coefficient  for 
the  interface. 

Eastman  (1978)  cites  conditions  that  must  obtain  in  order  to  apply 
this  scalar  model  to  reflection  from  the  interfaces. 

1)  The  slopes  of  the  irregularities  must  be  small  enough  that  the 
Fresnel  coefficients  be  constant.  (This  is  a  generalization  of  what 
Eastman  says.) 

2)  The  radii  of  curvature  of  the  irregularities  must  be  large 
compared  to  the  wavelength. 

Following  Eastman,  tie  will  also  assume  that  shadowing  and  multiple 
reflections  between  the  rough  features  in  a  single  interface  are 
negligible.  We  also  neglect  bulk  scattering.  Carniglia  (1981)  discusses 
the  conditions  under  which  bulk  scattering  can  be  treated  with  a  scalar 
approach. 

When  applying  the  scalar  theory  to  the  case  of  nultiple  interfaces, 
there  is  an  additional  requirement  that  we  must  inpose  that  is 
considerably  more  stringent  than  the  single-interface  requirements  above. 


■  .V, 
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This  requirement  is  that  the  transverse  spreading  that  the  beam 
undergoes  as  it  is  reflected  from  the  finite-thickness  multilayer,  due 
either  too  diffraction  from  rough  features,  or  to  the  transverse 
displacement  that  occurs  following  oblique  reflection  from  underlying 
layers,  be  small  compared  to  the  width  of  a  typical  rough  feature  (so  long 
as  the  beam  remains  within  the  structure) .  Bach  local  region  of  the 
multilayer  (i.e.  the  region  in  which  the  interfering  partially  reflected 
components  of  the  beam  are  generated)  can  then  be  treated  as 
one-dimensional,  with  the  defects  being  essentially  randan  thickness 
errors  rather  than  roughness  of  varying  height. 

Quantitatively,  the  requirement  that  displacement  due  to  oblique 
incidence  be  less  than  the  width  of  a  rough  feature  can  be  written 


N  ■  d  •  tan  0  «  i 

•  T 


(A-iA-1) 


where  1 T  is  the  transverse  autocorrelation  length,  6g  is  the  angle  of 
incidence,  d  is  the  period  length,  and  N  is  either  the  msnber  of  layers, 
or  the  effective  number  of  layers  as  limited  by  absorption  or  structural 
defects. 

We  now  show  that  eq.  *-14-1  is  equivalent  to  a  requirement  that  the 
angle  between  the  diffusely  scattered  radiation  and  the  specular  beam  be 
within  the  acceptance  angle  of  the  multilayer.  Loosely  speaking,  we  might 
describe  this  as  a  requirement  that  the  multilayer  must  continue  to  be 
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highly  reflecting  despite  any  departures  front  the  Bragg  angle  caused  by 
the  finite  slopes  of  the  rough  features. 

Xf  Y  is  the  angle  at  which  radiation  is  diffracted  away  from  the 
Bragg  angle  by  a  typical  rough  feature,  then 
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where  is  the  angle  of  incidence.  Prom  egs.  11-3-16,  9,  and  30 
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Using  eqs.  A-14-2  and  3,  and  setting  0  Z  0  ,  eq.  A- 14-1  becomes 
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Y  «  S0e  (4-14-4) 

FWHM 


Bq.  A-14-1  involves  only  the  transverse  displacement  that  occurs  due 
to  oblique  reflection  front  a  multilayer  of  finite  thickness.  At  normal 
incidence,  the  dominant  transverse  displacement  will  be  that  due  to 
diffraction  front  rough  features  in  the  lower  interfaces.  Bq.  A-14-4  can 
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be  shown  to  stress  this  normal  incidence  requirement  as  well. 

Bq.  A-14-4  can  be  shown  to  be  more  restictive  than  the  single 
interface  conditions  1  and  2  above.  He  consider  condition  1,  and  show 
that 
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where  s  is  the  single-interface  reflectivity  and  ^  is  the  multilayer 
reflectivity,  so  that  if  eq.  A-14-4  is  satisfied. 


r 


A  ii 

s  de 


« 


FWHH 


«  50 


fWMM 


L 

$  d6 


J 


(A-±4-t>) 


Tor  simplicity  we  consider  S  polarization;  then 
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with  0w  and  0H  given  by  Snell 'a  law. 
Then  we  find  that  in  the  x-ray  regime 
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Fran  eg.  11-2-11  we  find 
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Since  |  i  I  «  1  ,  eqs.  A-14-5  and  6  follow. 

Now  let  a  be  a  typical  radius  of  curvature  for  an  irregularity 
(condition  2).  Clearly  1T  ^  2a  if  we  assume  non-periodic  roughness. 
Then  away  from  normal  incidence,  we  require  according  to  eg.  A-14-1 
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Again  it  is  straightforward  to  show  that  -y-  »  1  in  the  normal 

incidence  regime  as  well. 

Thus,  the  requirement  that  the  region  sampled  by  each  ray  in 
traversing  the  multilayer  be  transversely  small  compared  to  the  width  of  a 
rough  feature  is  a  sufficient  condition  for  requirements  1  and  2  above  of 
the  scalar  scattering  theory. 

He  note  that  since  S9ri^  is  likely  to  be  of  the  order  of  the 
field  of  view  in  an  imaging  application,  the  scalar  theory  can  be  applied 
to  roughness  which  scatters  radiation  within  the  field  of  view. 

Given  that  a  one-dimensional  formalism  can  be  used  to  make  a  scalar 
treatment  of  reflection  from  the  rough  interfaces,  it  is  then  necessary  to 
calculate  the  statistical  properties  of  the  near-field  radiation,  and  to 
propagate  the  radiation  to  the  far-field. 

He  now  briefly  sketch  the  requirements  of  the  statistical  calculation 
and  the  far-field  propagation.  The  formalism  is  essentially  a  recasting 
of  that  of  Eastman  (1978)  into  the  notation  of  our  difference  equation. 

Zf  H#  is  the  total  power  in  the  intercepted  portion  of  an  incident 

-A 

plane  wave  having  propagation  vector  ,  then  the  diffracted  amplitude 
is  given  by 
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Here  r,  is  the  distance  f ran  the  point  x,y  to  the  observation  point,  and 
t  (x,y)  is  the  position  vector  of  x,y.  We  have  treated  the  multilayer  as 
an  LxL  square,  have  set  the  obliquity  factor  to  ooe  9e  ,  and  have  set  the 
incident  amplitude  to  (  W0  /  L*  cos  0Q  )^z  .  The  coordinate  system  is 
that  shown  in  fig.  IV-2-2. 

In  the  far-field 


Eq.  A- 14-13  assumes  that  ^  is  measured  at  a  planar  interface,  as 
will  be  the  case  with  our  near-field  analysis  of  smoothening  films.  The 
cases  of  roughening  films  and  colvmmar  films  are  discussed  in  Appendix  15. 
If  L  »  1 T  ,  we  would  expect  that 


|  U  (A0,  ^ )  \l  S  <  |  U  (  A  0,  f  )  |*  >  (A-14-1S) 


This  assumption,  that  non-deterministic  effects  will  average  out  when  the 
structure  contains  a  large  nunber  of  rough  features,  breaks  down  in  the 
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Since  the  argunent  of  the  transform  in  the  first  term  of  eq.  A-14-17 
is  independent  of  x  and  y,  |<U  >|*  becomes  a  delta-function  of  the 
scattering  angles  A  6  ,  f  . 

Since  this  oaipcment  is  not  spatially  dispersed  and  has  a 
deterministic  phase,  we  can  regard  it  as  the  specular  reflectivity.  The 
second  term  of  eg.  A-14-17  is  therefore  the  diffuse  beam. 

Given  our  choice  of  normalization,  eq.  A-14-17  has  the  dimensions  of 
power  per  unit  projected  area,  i.e.  Af/dAx  .  in  the  coordinate  system  of 
fig.  3V-2-2  we  will  have 


dAx  -  x*  d ( &9)  df  **  Tj  d  SI  (A-14-1S) 


This  will  hold  even  near  normal  incidence.  Thus,  we  can  factor  out  the 
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incident  power  in  eq.  A-14-17,  and  write 
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where  the  S  -function  is  centered  at  0  a  0  9  =  0 

0  A  I 

Since  the  total  near-field  power  is 


(4-14-21) 


tie  have  assigning  W  ■  <  W  > 


Reflected 
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Since  W  I  <0  >  I  *  is  the  specular  beam,  we  have  that  the  total  power 

•  '  'j 

In  the  diffuse  beam  is 
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We  trill  assure  for  siaplicity  that  the  roughness  is  isotropic,  so 
that  eqs.  IV-2-3,4  hold. 

Then,  if  1T«  L,  tie  can  convert  the  second  term  in  eg.  A-14-17 
(diffuse  beam)  into  a  Fourier  Vessel  transform  (Goodnan,  1968,  pg.  11) ,  to 
obtain  eg.  IV-2-5. 

In  the  text,  we  have  defined  the  far-field  amplitude  reflectance  to 
be  the  (properly  phased)  quantity  whose  magnitude  squared  is  the  far-field 
power  per  unit  area  divided  by  the  incident  power  per  unit  area.  The 
latter  is  W#  /  Lz  co6  8tf ,  so  eg.  IV-2-1  (suitably  modified  for  roughening 
films  as  discussed  in  appendix  15)  then  follows  from  eg.  *-14-14. 
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We  now  use  our  difference  equation  formalism  to  determine  the 
statistical  properties  of  the  near  field  reflectivity  $(»,/)  in  the 
presence  of  mnoothening  films. 

In  the  sinplest  case,  the  local  one  dimensional  structure  with 
smoothening  films  can  be  taken  to  be  that  of  a  multilayer  containing 
non- aocanula ting  thickness  errors.  We  apply  the  phenomenological  model  of 
sec.  11-6,  assisting  for  sinplicity  that  the  multilayer  is  periodic  (it 
would  not  be  very  difficult  to  generalize  the  smoothening  films  case  to 
aperiodic  structures  as  was  done  in  sec.  IX-6) . 

We  note  that  this  analysis  uses  the  wit  cell  decomposition  of 


fig.  A-ll-1,  so  that  is  provided  by  the  formalism  at  the  fictitious 
planar  interfaces  that  separate  the  cells. 

assuming  Gaussian  statistics,  we  then  obtain  eq.  A-ll-3  giving 
p  in  terms  of  p  »  as  discussed  in  sec.  IV-2  the  derivation  is  the 

'  Mt 

sane  as  in  the  one-dimensional  case.  If  we  take  expectation  values  with 
terms  of  order  g  ■  A  neglected,  and  solve  for  >  in  the  steady-state, 
we  obtain  eq.  TV-2-10  for  the  specular  beam.  By  manipulations  similar  to 
those  in  appendix  3,  we  then  obtain  eq.  TV-2-9  for  the  specular  beam 
outside  the  steady-state. 

Bq.  TV-2-12  for  the  diffuse  beam  is  based  on  a  slightly  different 
one-dimensional  model  for  smoothening  films;  this  revised  model  allows  us 
to  consider  the  effect  of  finite  longitudinal  autocorrelations. 

lo  do  so  we  must  assume  that  in  each  cell  the  upper  interface  of  the 
central  layer  replicates  the  roughness  profile  in  the  lower  interface  of 


that  layer. 
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He  then  consider  varying  degrees  of  longitudinal  correlation  between 
the  roughness  of  the  upper  interface  and  the  roughness  in  the  layers  that 
are  deposited  on  top  of  it. 


Thus,  referring  to  fig.  A- 11-1,  we  take  f. 


4  ,  and 

*  ’ 


following  steps  similar  to  those  used  to  derive  eg.  A-ll-3  in  appendix  11, 
we  obtain 
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where  £  S  (*K/t K  )  cos  0O  4  H  . 

The  steady-state  solution  is  eg.  11-6-23  (which  also  obtains  if  the 
profiles  in  the  upper  and  lower  interfaces  are  uncorrelated,  but  have 
equal  RMS  magnitudes) . 

Mow,  as  a  prelude  to  deriving  eg.  IV-2-13  for  the  diffusely  reflected 
intensity  in  the  presence  of  finite  longitudinal  autocorrelations,  we 
a  crude  model  in  which  there  is  a  step- like  longitudinal 
autocorrelation  that  extends  over  j  cells  (where  j  is  an  integer  greater 
than  zero). 

The  autocorrelation  is  step-like  in  the  sense  that 
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Since  A  «  i  ,  we  can  use  eg.  A-14-24  to  express  9  in  terns 


of  p  as  follows 
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to  order  A  ,  where  r#  is  the  defect-free  value  of  the  parameter  r. 
We  will  assume  that  j  is  sufficiently  small  that 
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so  that  the  group  of  ceUa  within  one  longitudinal  autocorrelation  length 
has  only  a  weak  interaction  with  the  incident  bean. 

Under  this  assumption  we  can  coalesce  the  j  cells  into  one  by 
successive  application  of  the  steps  in  eg.  A-14-27,  to  obtain 
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The  only  effect  of  the  step-like  longitudinal  autocorrelation  is  to 
multiply  all  cellular  parameters  except  (  by  j. 

Because  of  the  step- like  autocorrelation,  the  identity  expressed  in 
eq.  11-5-6  still  obtains.  Taking  the  expectation  value  of  eq.  A-14-29,  we 
then  obtain 
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assuming  Gaussian  statistics. 
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We  label  these  terns  alphabetically  for  convenience. 

As  in  appendix  11,  we  expect  q  to  be  of  order  /a".  Then 
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Since  our  equation  for  p  contains  no  terns  of  zero  order  in  A 
(i.e.  no  terns  of  order  <  3  >  or  unity) ,  and  since  it  contains  all  terns 
first  order  in  A  ,  we  can  square  it  to  obtain  an  equation  for  9 
accurate  to  order  A  .  We  neglect  all  terns  of  higher  order  than  A1  in 
driving  terns  and  coefficients  of  1^  I  ,  and  take  the  expectation  value. 
We  find 

#  * 

- ,  .*  -4j M  .  ^  .*  i.  ,1.  -4  <  £  >  . 

<\?„.\  >  «  «  <I?J>  *  j  Ir.l  (1-e  ) 


♦j*lrJX  l<e  >!4  (i-  e 


"4  <  £  > 


(  continued  on  nut  poy«) 


A-14-17 


-2R«  (2jir,e  <^>)  <|^|Z> 


+  *?  lr#|*Re(<  p  >*)(e 


*w  -#<*> 


■4<^> 


(4-i4-33,  continued) 


In  the  steady-state 
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where  S  is  given  by  eg.  TV-2-11. 


Under  our  assvned  step-like  longitudinal  autocorrelation  function, 
the  diffuse  beam  scales  linearly  with  the  autocorrelation  length  j. 

We  now  consider  the  effect  of  a  non-step-like  autocorrelation  length. 
We  first  coalesce  together  the  layers  K  through  l  +  h,  where  h  is  a 


"large-small*  integer  saummd  to  be  larger  than  the  nuaber  of  layers 
within  one  longitudinal  autocorrelation  length,  but  small  compared  to  the 
reciprocal  of  A  . 
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In  the  soft  x-ray  region,  we  usually  will  have  r  <  t  and 
<  {  >  <  1  ,  so  that  r  <  $  >  /t  «  1  j  the  final  term  of 
eq.  A-14-37  is  therefore  the  least  sensitive.  (The  last  term  also 
vanishes  when  <  ^  >  attains  its  largest  magnitude,  as  £  0.) 

He  will  assime  that  in  this  least  sensitive  term  we  can  make  the 
substitution  made  above  with  the  step-like  autocorrelation  function, 
namely 
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Then  to  order  A  (dropping  terms  of  order  A  ^  )  we  obtain 
eq.  TV-2-12  with 
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(continued  m  mart  page) 
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We  now  assume  the  Gaussian  bivariate  distribution  of  eq.  IV- 2-14 ,  so 

that 
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and 
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Because  of  our  assumption  that  h  is  large  compared  to  the 

longitudinal  autocorrelation  length,  these  sums  will  effectively  terminate 

as  C  (s)  vanishes,  and  so  A  and  B  will  be  independent  of  the  upper  limits 
1 
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on  the  sanations.  Bqs.  XV-2-13  and  12  then  falla*. 

If  Ck  (a)  has  a  width  a  Tff  ,  then  the  longitudinal  autocorrelation 
length  is  given  by  j  *  2sTyp  ♦  1  (•  cannot  be  negative),  hence  the 
appearance  of  the  above  expressions  for  A  and  B.  The  magnitude  of  the 
diffuse  beam  will  now  scale  approximately  linearly  with  2s  Typ  +  1, 
rather  than  exactly  linearly  with  j  as  with  the  step- like  longitudinal 
autocorrelation . 

we  now  calculate  <  f  (*,  y)  ( *',  y' )  >  in  order  to 
obtain  the  angular  distribution  of  the  diffusely  scattered  radiation. 

Using  eq.  A-14-31  with  j  »  1,  and  assuming  now  that  the  statistics  of 
the  roughness  are  Gaussian  bivariate  in  the  transverse  direction 
(eqs.  IV- 2-3 ,4) ,  we  find 
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Appendix  15  -  Analysis  of  Roughening  Films  and  Colunnar  Films 

This  appendix  first  considers  the  effect  of  roughening  films, 
i.e.  roughness  whose  one-dimensional  analogue  is  accunulating  random 
thickness  errors.  With  accumulating  thickness  errors  the  unit  cell  length 
is  not  constant,  and  the  total  thickness  error  in  the  multilayer  increases 
in  a  random  walk  fashion  as  more  layers  are  added. 

Thus,  in  contrast  to  the  situation  with  onoothening  films,  our 
formalism  will  provide  the  near-field  reflectivity  £  (*,  y  )  along  a 
rough  surface,  so  Q  l  *,y)  Bust  be  propagated  to  a  flat  plane  before 
taking  the  Fourier  transform. 

If  in  fig.  IV-2-2,  r^  (  »,  y ,  z  i  *,  y>)  is  the  distance  to  the 
observation  point,  and  k^  the  propagation  vector  for  the  incident 
plane-wave,  then  neglecting  terms  of  quadratic  and  higher  order  in  the 
scattering  angles  A  0,  <p 

k  •  r  ♦  kr-  =  Constant 

m  P 

~  k*cos6f  A0  -  kyq  -  2k cos0Qhj  (*,y)+  kkJf*,y)sitt9e  Ad 

(A-1S-1) 

where  r  is  the  position  vector  of  a  point  on  the  rough  upper  interface 
(measured  relative  to  an  origin  in  the  defect-free  inter facial  plane) ,  and 


where 
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We  can  simplify  eg.  A-15-1  by  neglecting  the  last  term  (although  the 
analysis  can  if  desired  be  worked  without  this  siaplif ication) .  The 
neglect  is  permissible  because  in  cases  of  greatest  interest, 

A0-Y  »  J  ~  V  -  t*")1  *  «nd  <  Ay*>  ~  m" 

(sec.  11-5),  so  that  <  (*,y>  >  — '  / J  •  <  A  >  •  A  ~  A  ,  and 
from  eg.  II -3-21, 
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Then  what  we  will  call  the  "flat-field  propagator"  becomes 
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Me  mist  new  calculate  the  epecular  reflectivity  by  evaluating 
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To  evaluate  the  second  term,  we  begin  with  eq.  11-5-13,  combine  the 
second  and  third  berms  into  an  exponential  (valid  to  within  the  neglect  of 
terms  of  order  A*  ,  (A<p  )3  ) ,  to  obtain 


«  9„ 


-  Z(i&<fK  ♦  A^  “  <Ag  >  )  <  ?k> 


-  ( r  ♦  p  )  (  ~  <?  >) 


(A-  if- 7) 


A-15-4 

where  S|  is  given  by  eg.  1 1-5-15.  Next,  we  nultiply  by  the  flat-field 
propagator  of  eg.  A-15-4,  and  take  expectation  values 
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where  we  have  assumed  that  absorption  is  in  steady-state,  so  that 
<  p  >  »  >  and  <^*>  b  <^T*>  . 

We  now  show  that  the  sun  of  the  two  quantities  in  the  final  term  is 
negligible.  (This  will  reguire  a  fairly  involved  analysis.) 

Using  the  identity  of  eq.  XI-5-6,  we  have  (note  the  upper  limit  of  K 
on  the  summation) 


^  «  «•»  «  >  “  <f  >  e 


.**<A*>  V 


(A-15-V 


EC 


*-15-5 


Where 


u.  *  v,  -  <?*>  e-4‘*-»<At  > 


M-J5-i0) 


i  l‘Z  Af 

V  2  <?  e  «'•*  «  > 

R 


{A- iS- 11) 


According  to  eg.  A-15-9  we  must  now  show  that  U*  is  snail,  in  order 
to  justify  neglect  of  the  final  term  in  eg.  A-15-8 . 

If  we  sguare  eg.  A-15-7  neglecting  terms  of  order  A*  ,  g  - A  , 

(A*)5,  and  9*,  multiply  by  the  flat-field  propagator  (upper  subscript 
on  animation  set  to  K) ,  and  take  the  expectation  value,  we  obtain 
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Ibe  last  tars  of  aq.  *-15-12  can  be  shewn  as  follows  to  be 
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ao  that  eg.  *-15-12  becomes 
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Zf  we  square  eq.  A-15-7,  take  its  expectation  value,  aultiply  by  the 
expectation  value  of  the  flat-field  propagator  of  eq.  A-15-4,  and  subtract 
from  eq.  A-15-15 ,  we  find 


e  e 


V 


k 


+  8<&ft>  <?*> 


-*(*-!)<  A*  > 


(A-iS-lb) 


where  11  is  defined  in  eq.  A-15-10. 
x 

If  the  absorption  is  in  steady-state,  we  have  (using  eq.  II-5-23  and 
the  approximate  solution  for  <  9  >  in  eq.  II-5-28) ,  that  the  last  term  can 
be  written  as 
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We  now  show  that  this  term  is  quite  mall 
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In  the  soft  x-ray  regine,  we  can  set 
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Further,  if  absorption  is  in  steady-state, 
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so  too  order  of  aagnitude,  the  last  tern  of  eq.  A-15-16  is 
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Considered  as  a  function  of  y,  eq.  A-15-20  has  a  naxinun  value  of 
0.16  jul"  at  y  ■  0.46;  at  other  values  of  <  or  at 

significantly  different  values  of  K,  the  final  tern  of  eq.  A- 15-16  will  be 
still  analler. 

Thus,  if  we  treat  the  final  tern  of  eq.  A-15-16  as  having  this  value 
in  steady-state,  we  will  obtain  an  upper  bound  on  UR  . 

The  steady-state  value  of  U  obtained  fran  eq.  A-15-16  trill  then  be 
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Thus,  we  neglect  U  in  eq.  A- 15-8.  The  remaining  terns  of  the 
equation  are  straightforward  to  evaluate.  As  a  linear  difference 
equation,  it  then  has  the  solution 
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We  now  substitute  from  sq.  A-10-9,  with  the  additional  approximation 


D  *  .<AfX>  -  <t>  (4-15-*) 


which  is  most  accurate  when  the  Z  factor  in  the  second  tern  of 

*« 

eq.  A- 15-6  presently  being  evaluated  is  largest,  i.e.  when  this  second 
term  is  sost  important  relative  to  the  first.  The  substitution  front 
eq.  A-10-9  is  also  nost  accurate  when  ^  becomes  large  relative  to 

<  ^  >  . 

We  obtain 
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We  make  separate  approximations  to  evaluate  each  of  the  two  terns  on 
the  right. 

In  the  first  tern,  we  can  set  S^m  ■  .  When  <  A<j>  >  )$>  ju  , 

=  ~  <t  >  since  >  «  1  ,  on  the  other  hand  when 

<  A  9  >  <  M  ,  large  K  terns  dominate  the  sun;  thus,  the 

substitution  is  accurate  in  either  limit. 

The  exponential  factor  in  front  of  the  K  *  b urination  in  the  second 
term  of  eq.  A- 15-25  is  small  when  absorption  is  in  steady-state,  so  that 
this  second  term  is  significant  only  when  the  first  tern  in  eq.  A-15-6  is 

also  small,  i.e.  when  <Af*>  ^>>  u.  .  The  small  K  "  terms  dominate  in 

this  case.  We  therefore  set  <  9  m  >  S  0  . 

In  the  K '  summation  in  the  second  term  of  eq.  A-15-25,  we  again  use 
the  approximations  in  eqs.  A-10-9  and  A-15-24 
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We  now  calculate  the  diffusely  scattered  radiation. 

The  total  fractional  power  in  the  diffuse  beam  is  the  near  field 
reflectivity  (eq.  1 1-5-36)  less  the  specular  reflectivity  (magnitude 
squared  of  eq.  XV- 2-2) . 

To  calculate  the  angular  distribution  of  the  scattered  radiation,  it 
is  easiest  to  calculate  the  angular  distribution  of  the  total  radiated 
field,  and  then  subtract  the  specular  component. 

Taking  eq.  II-5-5,  multiplying  by  the  flat-field  propagator,  and  then 
multiplying  by  the  conjugate  at  the  primed  coordinates. 
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The  expectation  value  of  the  first  tern  on  the  right  is  straightforward  to 
evaluate.  To  evaluate  the  second  pair  of  terns,  we  define 
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Using  s  , 
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we  have 
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The  final,  least  sensitive  terns  in  eg.  A-15-28  remain  to  be 


evaluated,  if  we  make  the  approximation 
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then  the  result  will  be  correct  at  <  A  ^  0  and  will  not  cause 

difficulties  at  large  <A^*>,  where  the  term  is  small.  Even  in  the 
intermediate  region  the  error  should  be  snail  at  soft  x-ray  wavelengths. 

Then  ass  lining  the  Gaussian  bivariate  distribution  of  eqs.  lv-2-3,4, 
eq.  A-15-28  becomes 
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To  evaluate  this  we  must  find  an  approximate  solution  for  .  To 
do  so  we  neglect  the  last,  least  sensitive  term  in  eg.  II-5-5,  and 
multiply  both  sides  by  the  product  of  the  flat-field  propagator  at  K  +  1 
with  the  conjugate  propagator  at  the  primed  coordinates. 

We  obtain 
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To  evaluate  the  expectation  of  the  first  term,  we  use  eq.  II-5H5,  so 

that 


XT  (At  f(*,y)  -  At  ,(*'/>) 
<^(*,y)e  “'-1  *  *  > 


*•'51  (Af,<«.r>  -  At  («'./*) 

e  iti  *  * 


Zi(Af  0«,y>-  Af  (a'y'l) 

<e  »  > 

-  »!  ( Af  <*’/>  -  Af  f«'#  y'>)  ^ 

<e  a  »  / 


V« 

*  #-4<At‘>  (i-C(v)) 


(A-1S-3S) 


T 


c  c» 


A-15-18 


this  is  exact  in  the  limits  <A^>  «  m.  ,  <  A<?*>  M  ,  and 
-  *'l  =>  0  ,  K  »  ai**. 

t/R  is  now  the  son  of  five  geometric  series  (including  two  conjugate 
Irs). 

The  solution  is 
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Bq.  A- 15- 38  includes  the  secular  bean  as  well  as  the  diffuse  bean. 
Since  the  approximations  made  in  eq.  IV-2-2  are  slightly  different  from 
those  made  in  eq.  A-15-38 ,  the  best  way  to  subtract  out  the  specular 
component  is  to  evaluate  eq.  A-15-38  as  v  w,  and  subtract  the  result 
from  the  finite-v  equation.  This  results  in  eq.  TV-2-7. 

Note  that  in  eq.  TV-2-6  we  have  defined  the  quantity  (* ,  y)  to 
be  given  by  eq.  IV- 2-6  for  roughening  films,  and  to  be  given  by 

(  m  ,  y  )  for  snoothening  films,  in  order  to  unify  our  treatment  of 
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We  now  evaluate  the  specular  reflectivity  in  the  presence  of  aolumnar 
files.  We  treat  the  near-field  bean  as  being  reflected  frcn  a  periodic 
multilayer  whose  Bragg  detuning  parameter  7  is  a  randan  variable;  as 
usual  we  assume  a  Gaussian  distribution 
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where  AK(x,y)  is  the  local  variation  in  growth  rate,  i.e. 
d(x,y)  -  <  d  >  (1  ♦  AK(x,y)). 

As  in  the  case  of  roughening  films,  a  flat-field  propagator  must  be 
used,  but  now  A  f  (*,y)  is  independent  of  K.  We  therefore  must  evaluate 
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We  will  use  the  «t>£xogciaate  expression  for  the  reflectivity  obtained 
by  combining  eqs.  I 1-3-1  and  2, 


9  <*> 


2.  -  xO 


(»- 


-2i  -  44) 


(A -IS -41) 


From  the  first  term  of  eq.  A-15-41,  we  must  evaluate 
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As  the  Fourier  transform  of  a  product,  I 4  is  the  convolution  of  two 


transforms. 
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He  find  through  straightforward  manipulations  that 
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where  i  (w)  is  the  oonplex  error  function  as  defined  in  the  text. 

The  second  term  of  eg.  A-15-41  leads  to  a  similar  expression. 

The  sun  of  both  terms  is 
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Appendix  16  -  Materials  Combinations  that  Maximize  Integrated 
Reflectivity 


In  this  appendix  we  describe  the  results  of  a  modification  to  the 
materials  search  program  of  sec.  II-2-Cj  the  modified  program  seeks  to 
maximize  integrated  reflectivity  (or  collection  solid  angle)  rather  than 
peak  reflectivity,  The  output  routines  in  the  search  program  have  also 
been  modified,  in  order  to  have  printed  out  a  nunber  of  possible  materials 
pairs  at  each  wavelength.  3b  this  end,  the  program  prints  several 
different  lists  of  materials  for  each  wavelength)  fig.  A-16-1  shows  the 
detailed  criteria  on  which  the  different  lists  are  based. 

An  abbreviated  tabulation  of  the  materials  selections  (31 
wavelengths)  is  given  in  table  A-16-1.  A  fuller  listing  (125  wavelengths) 
is  available  upon  reguest  frcm  the  author.  (Present  address:  IBM;  Thomas 
J.  Matson  Research  Center;  P.O.  Bax  218;  Yorktown  Heights,  NY  10598.) 

The  sorting  parameter  used  by  the  program  is  the  entry  in 
table  A-16-1  labeled  "SOLID  ANGLE" ,  v  more  precisely  is  the  quantity 
8  TCRpt&ii  l"  •  This  estimate  of  the  collection  solid  angle  (in 
steradians)  applies  to  a  multilayer-coated  spherical  reflector  focussing 
collimated  radiation.  The  multilayer  reflection  profile  is  assumed  to  be 
a  Lorentzian  function  of  phase  thickness  as  in  eg.  II-3-1,  except  that  to 
improve  the  accuracy  we  have  set  the  FV»i  equal  to  2  5 "  rather  than  2 ^t". 

In  addition,  we  assume  that  the  coating's  angle  oi  peak  reflectivity 
is  sufficiently  detuned  frcm  normal  incidence  that  both  sides  of  the 
reflection  curve  are  realized  at  angles  within  90*  from  the  surface,  and 
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yet  sufficiently  close  to  normal  incidence  that  polarization  and  obliquity 
effects  can  be  neglected  throughout  the  angular  bandpass. 

Because  of  the  large  acceptance  angles  that  ailtilayers  have  at 
longer  x-ray  wavelengths,  these  approximations  tend  to  hold  only  roughly. 
We  have  found  by  mnerical  integration  that  the  'trigonometric  efficiency 
factor”,  defined  to  be  the  resultant  loss  factor  from  all  the  above 
effects,  is  about  0.5  for  the  longer  wavelengths  in  the  table  (assuming 
that  the  angle  of  peak  reflectivity  has  also  been  nunerically  optimized) . 

For  ooqparison's  sake,  the  normal  incidence  factor  of  87C  is  used  by 
the  search  program  at  short  wavelengths  where  normal  incidence  operation 
is  inpractical.  The  sorting  parameter  can  also  be  regarded  as  an 
approximate  index  for  the  one-dimensional  integral  of  reflectivity  over 
angle  (to  within  a  different  normalization  constant) . 

The  search  program  has  excluded  from  consideration  the  same  chemical 
elements  as  were  excluded  by  the  earlier  program  (sec.  II-2-C) .  As 
before,  structural  defects  were  not  considered.  The  optical  constants 
used  in  the  search  are  those  of  Henke  et  al.  (1982) . 

tie  are  indebted  to  E.  Spiller  (1982a)  for  useful  discussion  of  these 
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NAVE- 

LENGTH 

SOLID 

jUKgj 

R 
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oum 

ELMBIT  -  ■ 

BJMBIT  -  L 

115.33 

(8TERAD. ) 

1.2459189 

.7841 

(  AT  ) 

(  NORMAL  ) 
(INCIDENCE) 

15.8 

(  OB  ) 

( - ) 

(DH  *  DL) 

.4599 

RHODIUM 

STRONTIUM 

115.33 

1.2439364 

.7754 

15.7 

.4551 

RUTHENIUM 

STRONTIUM 

115.33 

1.1312389 

.6627 

15.2 

.4896 

RUTHOIIUM 

CALCIUM 

115.33 

1.1233836 

.6921 

15.5 

.4923 

RHODIUM 

CALCIUM 

115.33 

1.1312389 

.6827 

15.2 

.4896 

RUTHOIIUM 

CALCIUM 

115.33 

.8663727 

.3809 

11.0 

.4601 

SILVER 

PRASEODYMIUM 

115.33 

.5302324 

.2821 

13.4 

.4517 

SILICON 

MOLYBDENUM 

115.33 

.4617827 

.2736 

14.9 

.4302 

GOLD 

YTTRIUM 

115.33 

.3461327 

.2059 

15.0 

.4354 

PLATINUM 

CERIUM 

115.33 

1.1312389 

.6827 

15.2 

.4896 

ROTHBIIUM 

CALCIUM 

115.33 

1.0579488 

.5781 

13.7 

.4860 

PRASEODYMIUM 

RUTHOIIUM 

115.33 

1.0429040 

.5871 

14.1 

.4822 

PRASEODYMIUM 

RHODIUM 

115.33 

.8960732 

.6607 

18.5 

.4824 

RUTHOIIUM 

BORON 

115.33 

.8663727 

.3809 

11.0 

.4601 

SILVER 

PRASEODYMIUM 

115.33 

.7646700 

.2509 

8.2 

.4948 

SILICON 

SILVER 

115.33 

.7350939 

.3950 

13.5 

.4462 

SILVER 

YTTRIUM 

115.33 

.7208903 

.5628 

19.6 

.4948 

RUTHOIIUM 

CARBON 

115.33 

.7078087 

.5708 

20.3 

.4982 

RHODIUM 

CARBON 

115.33 

.5910508 

.3675 

15.6 

.4402 

SILVER 

CARBON 

115.33 

.3608713 

.24S4 

17.1 

.4251 

GOLD 

CARBON 

115.33 

.2839764 

.3264 

28.9 

.4747 

MOLYBDENUM 

CARBON 

115.33 

.2650908 

.2015 

19.1 

.4209 

PLATINUM 

CARBON 

104.71 

.9434196 

.7319 

19.5 

.4576 

RUTHOIIUM 

STRONTIUM 

104.71 

.9338507 

.6877 

18.5 

.4390 

SILVER 

STRONTIUM 

104.71 

.8971526 

.7265 

20.4 

.4594 

RHODIUM 

STRONTIUM 

104.71 

.8439550 

.6004 

17.9 

.4654 

SILVER 

CALCIUM 

104.71 

.8439550 

.6004 

17.9 

.4654 

SILVER 

CALCIUM 

104.71 

.7416199 

.3943 

13.4 

.4383 

PRASEODYMIUM 

RHODIUM 

104.71 

.4853143 

.2591 

13.4 

.4714 

GOLD 

SAMARIUM 

104.71 

.4360256 

.3218 

18.6 

.4703 

CERIUM 

MOLYBDENUM 

104.71 

.3467946 

.2552 

18.5 

.4630 

CADMIUM 

NEODYMIUM 

104.71 

.8439550 

.6004 

17.9 

.4654 

SILVER 

CALCIUM 

104.71 

.8204040 

.3630 

11.1 

.4540 

PRASEODYMIUM 

SILVER 

104.71 

.7782769 

.4000 

12.9 

.4398 

PRASEODYMIUM 

RUTHENIUM 

104.71 

.7765289 

.4812 

15.6 

.4970 

SILVER 

NEODYMIUM 

104.71 

.7416199 

.3943 

13.4 

.4383 

PRASEODYMIUM 

RHODIUM 

104.71 

.7185995 

.5220 

18.3 

.4789 

SILVER 

YTTRIUM 

104.71 

.7059370 

.4606 

16.4 

.4972 

SILVER 

EUROPIUM 

104.71 

.5607162 

.4966 

22.3 

104.71 

.5234735 

.5317 

25.5 

104.71 

.4756541 

.5156 

27.2 

104.71 

.2997579 

.2588 

21.7 

104.71 

.2914930 

.2757 

23.8 

104.71 

.2218154 

.3265 

37.0 

.4707  SILVER  CARBON 
.4861  RUTHOIIUM  CARBON 
.4872  RHODIUM  CARBON 
.4247  PRASEODYMIUM  CARBON 
.4311  SOLD  CARBON 
.4711  MOLYBDENUM  CARBON 
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AT 

) 
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NORMAL 

) 

(STERAD.) 
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9S.06 

.•466226 
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•  * 

14.4 

.4456 

SAMARIUM 

SILVER 

95.06 

.8456917 

.4641 

13.8 

.4537 

SAMARIUM 

RUTHBJIUM 

95.06 

.7871425 

.4402 

14.1 

.4570 

SAMARIUM 

RBODIUM 

95.06 

.7545046 

.7125 

23.7 

.4692 

SILVER 

STRONTIUM 

95.06 

.7307504 

.6885 

23.7 

.4602 

RUTOMIUM 

STRONTIUM 

95.06 

.5623446 

.4599 

20.6 

.4866 

EUROPIUM 

RBODIUM 

95.06 

.3647199 

.4772 

32.9 

.4699 

MOLYBDENUM 

CALCIUM 

95.06 

.3146625 

.1504 

12.0 

.4031 

PRASEODYMIUM 

ANTIMONY 

95.06 

.2676247 

.2951 

•  * 

25.8 

.4473 

GOLD 

YTTRIUM 

95.06 

.8456917 

.4641 

13.8 

.4537 

SAMARIUM 

RUTHENIUM 

95.06 

.7671425 

.4402 

14.1 

.4570 

SAMARIUM 

RBODIUM 

95.06 

.7545046 

.7125 

23.7 

.4692 

SILVER 

STRONTIUM 

95.06 

.6375146 

.3864 

15.2 

.4586 

SAMARIUM 

MOLYBDENUM 

95.06 

.6349167 

.6336 

25.1 

.4866 

SILVER 

CALCIUM 

95.06 

.6252152 

.3365 

13.5 

.4724 

SAMARIUM 

CADMIUM 

95.06 

.6237275 

.3904 

** 

15.7 

.4561 

SAMARIUM 

ANTIMONY 

95.06 

.4021658 

.3779 

23.6 

.4297 

SAMARIUM 

CARBON 

95.06 

.3992016 

.5323 

33.5 

.4856 

SILVER 

CARBON 

95.06 

.3906010 

.5066 

32.6 

.4775 

RUTHENIUM 

CARBON 

95.06 

.3245550 

.4590 

35.5 

.4737 

RBODIUM 

CARBON 

95.06 

.3065492 

.1733 

14.2 

.3970 

PRASEODYMIUM 

CARBON 

95.06 

.2015884 

.2717 

33.9 

.4323 

GOLD 

CARBON 

86.31 

.5584039 

.6025 

27.1 

.4789 

RUTHENIUM 

STRONTIUM 

•6.31 

.4913518 

.5906 

30.2 

.4830 

SILVER 

STRONTIUM 

•6.31 

.4741100 

.5478 

29.0 

.4697 

RBODIUM 

STRONTIUM 

86.31 

.4638554 

.5720 

31.0 

.4752 

RUTHENIUM 

CALCIUM 

•6.31 

.3970463 

.5540 

35.1 

.4792 

SILVER 

CALCIUM 

•  6.31 

.3708609 

.3815 

25.9 

.4951 

TERBIUM 

RBODIUM 

86.31 

.3010392 

.2240 

18.7 

.4242 

GADOLINIUM 

CADMIUM 

86.31 

.2679853 

.1699 

15.9 

.3979 

SAMARIUM 

ANTIMONY 

•6.31 

.2262272 

.3471 

38.6 

.4885 

s 

YTTRIUM 

•6.31 

.4638554 

.5720 

31.0 

.4752 

RUTHENIUM 

CALCIUM 

•6.31 

.4384891 

.4366 

25.0 

.4874 

TERBIUM 

RUTHENIUM 

•6.31 

.3975163 

.6084 

38.5 

.4476 

RUTHOJIUM 

BORON 

•6.31 

.3960339 

.4698 

29.8 

.4933 

RUTHENIUM 

YTTRIUM 

•6.31 

.3746507 

.4191 

28.1 

.4817 

TERBIUM 

SILVER 

•6.31 

.3708609 

.3815 

25.9 

.4951 

TERBIUM 

RBODIUM 

•6.31 

.3010392 

.2240 

18.7 

.4242 

GADOLINIUM 

CADMIUM 

•6.31 

.2950095 

.4851 

41.3 

.4695 

RUTHENIUM 

CARBON 

•6.31 

.2606343 

.1768 

17.0 

.3967 

SAMARIUM 

CARBON 

•6.31 

.2302056 

.4476 

48.9 

.4722 

SILVER 

CARBON 

•6.31 

.2299501 

.4129 

45.1 

.4594 

RBODIUM 

CARBON 

•6.31 

.2047679 

.2200 

27.0 

.4084 

GADOLINIUM 

CARBON 

•6.31 

.1786223 

.1996 

28.1 

.4052 

NICKEL 

CARBON 
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79.34 
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74.34 
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.3494729 

.3229714 

.2993199 

.2501692 

.2249099 

.2191400 

.2089735 


.5399 

.0049 

.3940 

.2999 

.4092 

.2501 

.3520 


30.9 

47.1 

34.3 

39.1 

52.1 

29.4 

42.4 


79.30 

70.30 

70.30 

79.30 

79.30 

70.30 


.2249000 

.1806071 

.1049495 

.1412001 

.1594130 

.1544490 


.4082 

.4047 

.2222 

.1017 

.2300 

.2019 


.4901 

.4372 

.5004 

.4403 

.4595 

.4713 

.4903 


RunmxuN 

ruthenium 

ruthenium 

SOLXNIUM 

RUTHENIUM 

■OLXNIUM 

RUTHERIOM 


32.1 

59.3 
33.9 

24.3 
38.5 
32.0 


YTTRIUM 
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CARBON 
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SCANDIUM 
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■««  nickel  SrSoE 
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•4029  cotta  CARBON 
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71.14  Mini.  ... 


71.24 

71.14 

71.14 

71.14 

71.14 

71.14 


.2021457 

.2070040 

.1979951 

.1944099 

.1795001 

.1753290 


RHODIUM 

NICKEL 

COBALT 

COPPER 

thulium 


ruthenium 
Ruthenium 
strontium 

TTTRIOM 

:•••’  .  *  >»m  .4572  s«  ■  ::::  STRONTIUM 

71.14  .1401602  *4241  55*5  ’**22  RUTKBII0M 

.4507  RUTHENIUM 

*JZ?22!!  •«??  45.5 


71.14 

71.14 

71.14 

71.14 

71.14 

71.14 


.1753290 

.1510755 

.1400949 

.1403070 

.1403053 

.1234250 


.4572 

.2494 

.2591 

.3979 

.2234 

.2505 


45.5 

41.3 

44.9 

71.2 
40.0 

52.2 


.4500 

.4052 

.4074 

.4450 

.4034 

.4110 


RUTHENIUM 
MICXEL 
COBALT 
Rbooxun 

COPPER 
IRON 


STRONTIUM 
CALCIUM 
TTTRIOM 
CARBON 

lanthundm 

strontium 

calcium 

lanthundm 

ruthenium 

molybdenum 

CARBON 

BARIUM 

CARBON 

CARBON 

CARBON 

CARBON 

CARBON 

CARBON 
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64.59  .1706688  .3087  .4100  NICKEL  C6LCIDI* 

. . ;*********";5....#4.;;i« ,  cowl  s 
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64.59 

64.59 

64.59 

64.59 

64.59 

64.59 
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.1863534 

.1580743 

.1494373 

.1391260 

.1388851 

.1373621 

.1278816 


.1278816  .1471  *”7l  CALCIUM  UWTHIMnM 
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*4.59 

64.59 

64.59 

64.59 

64.59 

64.59 


.1391260 

.1370018 

.1339003 

.1290764 

.1135213 

.1038976 


.2779 

.4485 

.2891 

.2493 

.2876 

.3131 


STRONTIUM 

NICKEL 

STRONTIUM 

NICKEL 

NICKEL 

CALCIUM 

NICKEL 


RUTHENIUM 

strontium 

RHODIUM 

CARBON 

BARIUM 

LAMTHUNUM 

tttrium 


NICKEL 

RUTHENIUM 

COBALT 

COPPER 

IRON 

CHROKIOM 


CARBON 

CARBON 

CARBON 

CARBON 

CARBON 

CARBON 


CALCIUM 

CALCIUM 

CALCIUM 

CALCIUM 


nickel  calcium 

li.'li  'lllflll  8:5  Mill 

>4081  COPPER  CALClSl 

58.64  .1242917  .3101 ^  «  7  **"*  . *" . 

58.64  .1228815  .2886  ti'l  ’22?1  °!»ALT  BARIUM 

55.64  .1188572  .2508  53*0  *2212  2?®  CARBON 

J‘  «•»««  .211!  ll:l  •  I™”!*  rdthenium 

.58.64  .0830368  .1511  it  7  IRON  SCANDIUM 

. .4521  CHROMIUM  TTTRIUM 

58.64  .1290288  .Jill  !?*2  •«?«!  NICKEL  barium 


58.64  .1291390  .2949 

56.64  .1290288  .3132 

58.84  .1268476  .1655 

58.64  .1188572  .2508 

5f.*4  .1139694  .2170 

56.64  .1071267  .1388 

.2097 

50.64  .1290218  .3132* 

58.64  .1240686  .3257 

58.64  .1228615  .2686 

55*64  .1071780  .4404 

58.44  .1055643  .3255 

56.64  .0967142  .3530 


•4066  NICKEL  BARIUM 

*«»  ss 

*4840  WRONTIOT 

42i«  WTHENIUI 

4«2  !J2“*  SCANDIUM 

’4443  ”»IUM 

RHODIUM 

.4029  NICKEL  CARBON 

.4050  COBALT  SSS 

•4014  COPPER  CARBON 

*4088  ?Z?D,r0M  CAlSoS 

‘I?**  ?WOw  CARBON 

•4164  CHROMIUM  CARBON 
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COMtT  CALCIUM 

CALCIUM 

••MtitHtttt  CALCIUM 

gQfcM.T  CARBON 

S2JW*  BARIUM 

***  strontium 

OSMIIM  SCANDIUM 

W®*!®1  LAHTHUMUM 


53.23  .1044460  .1622 

53.23  .1036115  .3409 

53.23  .0*713*3  .13*0 

53.23  .0*35304  .1534 

#53.33  ^.0*19250  iwu 

53.23  .119747*  .3514 

53.23  .1153214  3656 

53.23  .113920*  .339* 

53.23  .09*75*7  .3671 

22*22  •0S14593  .2267 

53.23  .0911634  .3*49 


NICKEL 

NICKEL 

NICKEL 

NICKEL 

NICKEL 

NICKEL 

NICKEL 

COBALT 

COPPER 

IRON 

OSMIUM 

MANGANESE 


CARBON 

BARIUM 

STRONTIUM 

SCANDIUM 

TTTRIUH 

BISMUTH 

TELLURIUM 

CARBON 

CARBON 

CARBON 

CARBON 

CARBON 

CARBON 


.1273051 


. . . ;22°.\...«c?«'  calcium 

«.33  !  1200425  ^Ml*  75’*  *2225  CALCIUM 

4*. 33  .1152597  .4003  *7?  '?°?4  “PPB*  CALCIUM 

.4011  HCIEL  CARBON 

40.33  .1113426  .4163  14  n  ....  ••**•*•••••**••**•••##*.*.*. 

40.33  .1001142  .  2in2  22’?  *????  “BALT  CARBON 


40.33  .1113426 
40.33  .1001142 
40.33  .07441*0 
40.33  .060744* 
40.33  .062152* 


.i»< 

40.33  .11UU9  a... 


40.33 

40.33 

40.33 

40.33 

40.33 

40.33 

•22; 33 

40.33 

40.33 

40.33 

40.33 

40.33 

40.33 


.1152597 

.1063237 

.0946960 

.0*56705 

.072097* 

.0727610 

'.071950* 

.1152597 

.1113426 

.  1019997 
.096750* 
.0902940 
.0901246 


Jo’s  *2???  carbon 

57*2  '2222  9Svra  barium 

56*7  '222!  0610  ”*  SCANDIUM 

22'Z  .4*45  IRON  STRONTIUM 

fn'2  .4011  NICKEL  CARBON 

•O'O  .4122  NICKEL  WUtlUM 

46  .*7  *2222  JJJ25'  SCANDIUM 

NICKEL  STRONTIUM 

\\'.2  *44M  JESS'  TELLURIUM 

4*  1  ’2*2?  magmesium 

. ;4654  NICKEL  BISMUTB 

•2*2  *4011  NICKEL  CARSON 

•7’*  ’2222  S2*ALT  CARBON 

i!»*!  ’4005  OOPPER  CARBON 

123'l  *2?22  2°"  CARBON 

127  J  '222?  y*1”1”*  CARBON 

127.2  .4131  CHROMIUM  CARBON 


NICKEL 

NICKEL 

NICKEL 

NICKEL 

NICKEL 

NICKEL 

NICKEL 


TABLE  A-16-1 
(CONTINUED) 


A- 16-9 


A-16-10 


MINIMUM  I  ALLOWS)  IS  S 


NAVE- 

LBKSTO 

SOLID 

ANGLO 

R 

N 

GAMtA 

ELBTOT  -  H 

ELB4BIT  -  L 

34.17 

(STORAD.) 

.1079293 

.5142 

(  **  ) 

(  NORMAL  ) 
(INCIDENCE) 

119.7 

(  OB  ) 

( - ) 

(OB  ♦  DL) 

.4117 

NICKEL 

CALCIUM 

34.17 

.1052996 

.5291 

126.3 

.4149 

COBALT 

CALCIUM 

34.17 

.0992654 

.4894 

123.9 

.4107 

COPPER 

CALCIUM 

34.17 

.0954722 

.5373 

141.4 

.4205 

IRON 

CALCIUM 

34.17 

.0711410 

.3796 

134.1 

.4346 

COBALT 

8CANDI0N 

34.17 

.0622236 

.3083 

124.5 

.4352 

COPPER 

BARIUM 

34.17 

.0540300 

.1780 

82.8 

.4082 

RHENIUM 

MAGNESIUM 

34.17 

.0508651 

.1696 

83.8 

.4065 

06MIUM 

TITANIUM 

34.17 

.0478640 

.1425 

74.8 

.4101 

IRIDIUM 

TELLURIUM 

34.17 

.0752697 

.3749 

125.2 

.4296 

NICKEL 

SCANDIUM 

34.17 

.0695033 

.3331 

120.4 

.4388 

NICKEL 

BARIUM 

34.17 

.0551092 

.2684 

122.4 

.4426 

NICKEL 

MAGNESIUM 

34.17 

.0513606 

.1736 

85.0 

.4073 

RHENIUM 

TITANIUM 

36.17 

.0512625 

.2316 

113.5 

.4514 

NICKEL 

TELLURIUM 

36.17 

.0479842 

.1708 

89.4 

.4792 

NICKEL 

STRONTIUM 

36.17 

.0478914 

.1461 

76.7 

.4129 

RHENIUM 

ANTIMONY 

36.17 

.0357930 

.0844 

59.3 

.4354 

RHENIUM 

CARBON 

36.17 

.0353166 

.0823 

58.5 

.4339 

06MIUM 

CARBON 

36.17 

.0337626 

.1239 

92.2 

.4855 

NICKEL 

CARBON 

36.17 

.0334559 

.0767 

57.6 

.4316 

IRIDIUM 

CARBON 

36.17 

.0299301 

.1195 

100.3 

.4932 

COBALT 

CARBON 

36.17 

.0291100 

.1077 

93.0 

.4829 

COPPER 

CARBON 

32.84 

.0760355 

.4343 

143.6 

.4301 

NICKEL 

SCANDIUM 

32.84 

.0723791 

.4406 

153.0 

.4351 

COBALT 

SCANDIUM 

32.84 

.0683620 

.4050 

148.9 

.4280 

COPPER 

SCANDIUM 

32.04 

.0635668 

.2577 

101.9 

.4035 

RHENIUM 

SCANDIUM 

32.84 

.0550472 

.3391 

154.6 

.4495 

COBALT 

BARIUM 

32.04 

.0502503 

.2113 

105.7 

.4777 

COPPER 

CALCIUM 

32.04 

.0501497 

.1923 

96.4 

.4075 

OSMIUM 

MAGNESIUM 

32.04 

.0490919 

.1950 

99.0 

.4071 

RHENIUM 

TITANIUM 

32.04 

.0447500 

.1530 

86.4 

.4100 

IRIDIUM 

TELLURIUM 

32.84 

.0593562 

.3390 

143.6 

.4445 

NICKEL 

BARIUM 

32.84 

.0566587 

.2343 

103.9 

.4810 

NICKEL 

CALCIUM 

32.84 

.0501497 

.1923 

96.4 

.4075 

OSMIUM 

MAGNESIUM 

32.04 

.0492293 

.1901 

97.0 

.4059 

OSMIUM 

TITANIUM 

32.04 

.0469274 

.1623 

06.9 

.4111 

OSMIUM 

TELLURIUM 

32.04 

.0451732 

.1512 

84.1 

.4143 

OSMIUM 

CADMIUM 

32.04 

.0446234 

.1536 

86.4 

.4123 

OSMIUM 

ANTIMONY 

32.84  .0343240  .0009  72.4  .427S  06 MI  OH  CARBON 
32.04  .0339402  .1005  74.5  .4291  RHENIUM  CARBON 
32.04  .0327514  .0934  71.9  .4252  IRIDIUM  CARBON 
32.04  .0202222  .1377  122.4  .4029  NICKS.  CARBON 
32.04  .0247594  .0000  75.2  .4244  PLATINUM  CARBON 
32.04  .0243007  .0044  00.4  .4329  TUNCSTBI  CARBON 


TABLE  A-16-1 
(CONTINUED) 


A-16-11 


NAVE-  SOLID 

UMGTH  MGU 


(STERAD.) 

29. »1  .0559120  .3150 

29.01  .0517950  .3143 

29.01  .0500925 

29.01  .0505611  .3495 


IQN1KDN  1  ALLOWED  IS  5 

■  slbomt  -  l 


(AT  )  (  1 

(  NORMAL  )  ( — 

(INCIDWCE)  (OS 


« _ ) 

♦  DL) 


152.5 

93.2 

173.4 


.4664  NICKEL  CADMIUM 
•4723  COBALT  CADMIUM 
•4495  NICKEL  BARIUM 


,MJ5  NICKEL  BARIUM 

29.01  .0497994  .2150  100  9  *••***•“•*“•*••**•**•*““*•*“.. 

29.01  .0400977  .224i  - 

.*4051 
.4090 
.4100 


29.01 

29.01 

29.01 


.0440404 

.0404990 

.0371765 


.2241 

.2053 

.2344 

.1546 


115.2 

115.1 

145.5 

104.5 


OSMIUM 

RHENIUM 

IRIDIUM 

COBALT 

PLATINUM 


BARIUM 
TITANIUM 

magnesium 

CALCIUM 
TELLURIUM 


.4100  PLATINUM  tellurium 

29.01  .0506611  .3495  173  4  1  mt****.*.************* *********** 

29.01  .0501451  ill'i  144,5  NICKEL  BARIUM 


29.01 

29.01 

29.01 

29.01 

29.01 

29.01 


.0501451 

.0472553 

.0446543 

.0444710 

.0429494 

.0389680 


.3564 

.2156 

.1705 

.2375 

.1712 

.1702 


170.6 

114.7 
100.5 

134.2 

100.2 

109.0 


109.8 

na  oil 


29.81 

29.81 

29.81 

29.81 

29.81 

29.01 


.0335623 

.0323004 

.0317616 

.0276681 

.0248609 

.0243413 


.1198 

.1196 

.1129 

.1013 

.0993 

.1563 


89.7 

93.1 
89.3 

92.1 

100.4 

161.4 


.4469 

.4075 

.4125 

.4836 

.4135 

.4844 

.4226 

.4252 

.4213 

.4211 

.4271 

.4807 


NICKEL 

06MIUM 

OSMIUM 

NICKEL 

OSMIUM 

SCANDIUM 

OSMIUM 
RHENIUM 
IRIDIUM 
PLATINUM 
WNGSTW 
NICKEL 


BARIUM 
TITANIUM 
MAGNESIUM 
TELLURIUM 
CALCIUM 
ANTIMONY 
NICKEL 

CARBON 

CARBON 

CARBON 

CARBON 

CARBON 

CARBON 


27.07 

.0440227 

27.07 

.0436691 

27.07 

.0432784 

27*07 

.0426534 

27.07 

.0436691 

27.07 

.0411376 

27.07 

.0393512 

27.07 

.0354477 

27.07 

.0315363 

77.07 

.0436691 

27.07 

.0422787 

27.07 

.0413935 

27.07 

.0413027 

27.07 

.0400097 

27.07 

.0397765 

27.07 

.0373470 

xu-5  .4631 


TITANIUM 


NICKEL 


.2228 

.3640 

.2264 


128.3  .4100  OSMIUM 

211.4  .4547  NICKEL 

.Hhi  *  .  *4123  RHENIUM 


BARIUM 

BARIUM 

BARIUM 


27.07  .0300451 

.0295010 
.0294847 
.0267463 
.0250122 
.0217227 


27.07 

27.07 

27.07 

27.07 

27.07 


.2228 

.2393 

.1051 

.1709 

.2351 

.2228 

.2356 

.1949 

.1975 

.1012 

.1733 

.1510 

••••••• 

.1302 

.1312 

.1373 

.1220 

.1210 

.1064 


128.3 

146.2 

110.2 
121.2 

187.4 
••••< 

128.3 

140.1 

118.3 

120.2 

117.7 

109.5 

101.6 

ii«<i 

112.6 

111.0 

117.1 
114.6 

122.4 

123.1 


.4108 

.4062 

.4119 

.4120 

.4938 


OSMIUM 
RHENIUM 
IRIDIUM 
PLATINUM 
COBALT 


BARIUM 
MAGNESIUM 
TELLURIUM 
ANTIMONY 
CALCIUM 


.4108 

.4051 

.4136 

.4566 

.4130 

.4600 

.4237 

.4107 

.4174 

.4211 

.4170 

.4210 

.4193 


OSMIUM 
OSMIUM 
OSMIUM 
TITANIUM 
OSMIUM 
TITANIUM 
OSMIUM 

OSMIUM 

IRIDIUM 

RHENIUM 

PLATINUH 

TUNGSTEN 

GOLD 


BARIUM 
MAGNESIUM 
TELLURIUM 
COBALT 
ANTIMONY 
COPPER 
CALCIUM 

CARBON 
CARBON 
CARBON 
CARBON 
CARBON 
CARBON 


TABLE  A- 16-1 
(CONTINUED) 


A- 16-12 


MINIMUM  Z  ALLOWED  IS  S 


wave¬ 

length 

SOLID 

ANGLB 

* 

M 

SAWtA 

ELBtBtT  -  B 

ELEMENT  -  L 

24.57 

(STERAD.) 

.05*9870 

.4673 

(  ) 

(  NORMAL  ) 
(INCIDENCE) 

199.1 

(  OB  ) 

( - ) 

(ON  ♦  DL) 

.4647 

NICKEL 

VANADIUM 

24.57 

.0550003 

.4679 

213.1 

.4706 

COBALT 

VANADIUM 

24.57 

.0534553 

.4317 

203.0 

.4602 

COPPER 

VANADIUM 

24.57 

.049533* 

.2631 

133.5 

.4117 

OSMIUM 

VANADIUM 

24.57 

.0439456 

.2266 

129.6 

.4153 

OS  MI  DM 

ANTIMONY 

24.57 

.0397926 

.2199 

138.9 

.4164 

RHENIUM 

TELLURIUM 

24.57 

.0375870 

.2215 

148.1 

.4092 

IRIDIUM 

BARIUM 

24.57 

.0335841 

.2346 

175.6 

.4027 

PLATINUM 

MAGNESIUM 

24.57 

.0289295 

.1562 

135.7 

.4251 

TUNGSTEN 

CALCIUM 

24.57 

.0478218 

.3931 

206.6 

.4706 

NICKEL 

ANTIMONY 

24.57 

.0412286 

.3663 

223.3 

.4694 

NICKEL 

TELLURIUM 

24.57 

.0393335 

.2317 

148.1 

.4098 

06MIUM 

BARIUM 

24.57 

.0385689 

.2536 

165.3 

.4024 

OSMIUM 

MAGNESIUM 

24.57 

.0339583 

.1657 

122.6 

.4209 

OSMIUM 

CALCIUM 

24.57 

.0321228 

.1905 

149.0 

.4102 

06MIUM 

SILICON 

24.57 

.0318004 

.1930 

152.5 

.4087 

OSMIUM 

BORON 

24.57 

.0292276 

.1583 

136.1 

.4153 

OSMIUM 

CARBON 

24.57 

.0280091 

.1512 

135.7 

.4144 

IRIDIUM 

CARBON 

24.57 

.0277751 

.1569 

142.0 

.4175 

RHENIUM 

CARBON 

24.57 

.0248382 

.1416 

143.3 

.4151 

PLATINUM 

CARBON 

24.57 

.0240935 

.1458 

152.1 

.4191 

TONGSTEN 

CARBON 

24.57 

.0207348 

.1268 

153.6 

.4157 

GOLD 

CARBON 

22.31 

.0587077 

.4944 

211.7 

.4764 

NICKEL 

TELLURIUM 

22.31 

.0547751 

.4643 

213.0 

.4704 

COPPER 

TELLURIUM 

22.31 

.0543757 

.4932 

228.0 

.4817 

COBALT 

TELLURIUM 

22.31 

.0506030 

.2839 

141.0 

.4164 

OSMIUM 

TELLURIUM 

22.31 

.0370208 

.2523 

171.3 

.4096 

06MIUM 

BARIUM 

22.31 

.0351164 

.2868 

205.2 

.4014 

RHENIUM 

MAGNESIUM 

22.31 

.0307373 

.1808 

147.9 

.4179 

IRIDIUM 

CALCIUM 

22.31 

.0254956 

.1901 

187.4 

.4065 

PLATINUM 

SILICON 

22.31 

.0248302 

.2095 

212.1 

.4110 

TUNGSTBI 

BORON 

22.31 

.0370208 

.2523 

171.3 

.4096 

OSMIUM 

BARIUM 

22.31 

.0364557 

.2826 

194.8 

.4005 

OSMIUM 

MAGNESIUM 

22.31 

.0325643 

.1913 

147.6 

.4190 

OSMIUM 

CALCIUM 

22.31 

.0310585 

.2193 

177.5 

.4099 

OSMIUM 

SILICON 

22.31 

.0307443 

.2218 

181.3 

.4100 

OSMIUM 

BORON 

22.31 

.0301941 

.4525 

376.6 

.4899 

TELLURIUM 

ALUMINUM 

22.31 

.0301082 

.1776 

148.3 

.4190 

OSMIUM 

STRONTIUM 

22.31 

.0285935 

.1969 

164.3 

.4140 

OSMIUM 

CARBON 

22.31 

.0271448 

.1777 

164.5 

.4120 

IRIDIUM 

CARBON 

22.31 

.0270*23 

.1*61 

172.7 

.4151 

RHENIUM 

CARBON 

22.31 

.0249*70 

.36*6 

370.8 

.4934 

CARBON 

TELLURIUM 

22.31 

.0232579 

.1599 

172.7 

.4105 

PLATINUM 

CARBON 

22.31 

.0227181 

.1716 

189.9 

.4165 

TUNGSTBI 

CARBON 

TABLE  A- 16-1 
(CONTINUED) 


MINIMUM  s  ALLOWED  IS  5 


If 

•OLID 

ANGLE 

* 

N 

oum 

ELEHWT  -  H 

elwemt  -  l 

20. 25 

(STERAD.) 

.0339823 

.2765 

(  *»  ) 

(  NORMAL  ) 
(XNCIDWCE) 

204.5 

(  OB  ) 

< - , 

(DB  ♦  DL) 

.4094 

OSMIUM 

BARIUM 

20.25 

.0332007 

.3121 

236.2 

.3992 

OSMIUM 

MAGNESIUM 

20.25 

.0325598 

.2639 

203.7 

.4086 

IRIDIUM 

BARIUM 

20.25 

.0323915 

.2740 

212.6 

.4104 

RHENIUM 

BARIUM 

20.25 

.0319222 

.2981 

234.7 

.3987 

IRIDIUM 

MAGNESIUM 

20.25 

.0284748 

.2136 

188.5 

.4197 

RHENIUM 

CALCIUM 

20.25 

.0247290 

.2198 

223.3 

.4087 

PLATINUM 

SILICON 

20.25 

.0226086 

.2336 

259.7 

.4108 

TUNGSTEN 

BORON 

20.25 

.0189470 

.1953 

259.0 

.4065 

GOLD 

ALUMINUM 

20.25 

.0332007 

.3121 

236.2 

.3992 

OSMIUM 

MAGNESIUM 

20.25 

.0300769 

.2171 

181.4 

.4193 

OSMIUM 

CALCIUM 

20.25 

.0287069 

.2479 

217.1 

.4095 

OSMIUM 

SILICON 

20.25 

.0283770 

.2521 

223.3 

.4077 

OSMIUM 

BORON 

20.25 

.0278996 

.2012 

181.3 

.4199 

06MIUM 

STRONTIUM 

20.25 

.0278450 

.2465 

222.5 

.4084 

OSMIUM 

ALUMINUM 

20.25 

.0274745 

.2199 

201.2 

.4144 

OSMIUM 

MANGANESE 

20.25 

.0266681 

.2152 

202.8 

.4145 

OSMIUM 

CARBON 

20.25 

.0256515 

.2063 

202.1 

.4116 

IRIDIUM 

CARBON 

20.25 

.0250631 

.2113 

211.8 

.4140 

RHENIUM 

CARBON 

20.25 

.0228531 

.1905 

209.6 

.4105 

PLATINUM 

CARBON 

20.25 

.0209186 

.1958 

235.3 

.4153 

TUNGSTEN 

CARBON 

20.25 

.0177950 

.1661 

234.6 

.4111 

GOLD 

CARBON 

18.39 

.0309529 

.3076 

249.6 

.4102 

RDIIUM 

BARIUM 

18.39 

.0306980 

.2965 

241.1 

.4085 

OSMIUM 

BARIUM 

18.39 

.0296619 

.3336 

282.6 

.3976 

OSMIUM 

MAGNESIUM 

18.39 

.0296399 

.2890 

245.1 

.4085 

IRIDIUM 

BARIUM 

IS. 39 

.0296619 

.3336 

282.6 

.3976 

OSMIUM 

MAGNESIUM 

IS. 39 

.0260553 

.2326 

224.3 

.4175 

IRIDIUM 

CALCIUM 

18.39 

.0229614 

.2507 

274.4 

.4069 

PLATINUM 

SILICON 

16.39 

.0212646 

.2696 

318.7 

.4082 

TUNGSTEN 

BORON 

16.39 

.0184273 

.2265 

309.0 

.4065 

GOLD 

ALUMINUM 

16.39 

.0296619 

.3336 

282.6 

.3976 

OSMIUM 

MAGNESIUM 

16.39 

.0272578 

.2391 

220.5 

.4186 

OSMIUM 

CALCIUM 

16.39 

.0260220 

.2719 

262.6 

.4069 

OSMIUM 

SILICON 

16.39 

.0257311 

.2775 

271.1 

.4048 

OSMIUM 

BORON 

16.39 

.0253683 

.2220 

219.8 

.4185 

OSMIUM 

STRONTIUM 

16.39 

.0253062 

.2718 

269.9 

.4056 

OSMIUM 

ALUMINUM 

16.39 

.0247455 

.2220 

225.5 

.4170 

OSMIUM 

LANTHUNUM 

16.39 

.0244106 

.2396 

246.7 

.4137 

OSMIUM 

CARBON 

16.39 

.0241044 

.2465 

257.0 

.4157 

RHENIUM 

CARBON 

16.39 

.0233136 

.2324 

250.5 

.4137 

IRIDIUM 

CARBON 

16.39 

.0214251 

.2201 

258.2 

.4118 

PLATINUM 

CARBON 

16.39 

.0199102 

.2209 

289.0 

.4157 

TUNGSTEN 

CARBON 

16.39 

.0175305 

.1976 

263.2 

.4103 

GOLD 

CARBON 

TOBLE  A-16-1 
(CONTINUED) 


A-16-14 


MINIMUM  Z  ALLOWED  18  5 


WAVE¬ 

LENGTH 

SOLID 

ANGLE 

X 

M 

GAM4A 

ELBIENT  -  B 

ELBtBrr  -  L 

16.69 

(STERAD.) 

.0302132 

.3386 

<  AT  ) 

(  NORMAL  ) 
(INCIDENCE) 

281.7 

(  DH  ) 

(DB  4  DL) 

.4084 

OSMIUM 

BARIUM 

16.69 

.0297302 

.3478 

294.0 

.4102 

RHENIUM 

BARIUM 

16.69 

.0287199 

.3221 

281.8 

.4075 

IRIDIUM 

BARIUM 

16.69 

.0273713 

.3702 

339.9 

.3968 

OSMIUM 

MAGNESIUM 

16.69 

.0267169 

.3813 

358.7 

.3976 

RHENIUM 

MAGNESIUM 

16.69 

.0243132 

.2596 

268.3 

.4173 

IRIDIUM 

CALCIUM 

16.69 

.0206375 

.2757 

335.7 

.4049 

PLATINUM 

SILICON 

16.69 

.0196983 

.2424 

309.2 

.4251 

TUNGSTEN 

LANTHUNUM 

16.69 

.0171050 

.2583 

379.6 

.4036 

GOLD 

BORON 

16.69 

.0273713 

.3702 

339.9 

.3968 

OSMIUM 

MAGNESIUM 

16.69 

.0256000 

.2738 

268.8 

.4187 

OSMIUM 

CALCIUM 

16.69 

.0243656 

.2565 

264.6 

.4216 

06MIUM 

LANTHUNUM 

16.69 

.0243319 

.3095 

319.7 

.4055 

OSMIUM 

SILICON 

16.69 

.0240029 

.3154 

330.3 

.4033 

OSMIUM 

BORON 

16.69 

.0239109 

.2538 

266.8 

.4202 

06MIUM 

STRONTIUM 

16.69 

.0236605 

.3093 

328.6 

.4042 

OSMIUM 

ALUMINUM 

16.69 

.0229770 

.2769 

302.8 

.4117 

06MIUM 

CARBON 

16.69 

.0221826 

.2813 

318.7 

.4137 

RHENIUM 

CARBON 

16.69 

.0218954 

.2627 

301.5 

.4106 

IRIDIUM 

JARBON 

16.69 

.0193696 

.2445 

317.2 

.4110 

PLATINUM 

CkRBON 

16.69 

.0183018 

.2606 

357.9 

.4164 

TUNGSTBi 

CARBON 

16.69 

.0161076 

.2223 

346.8 

.4104 

GOLD 

CARBON 

15.16 

.0292044 

.3349 

288.2 

.4220 

OSMIUM 

LANTHUNUM 

15.16 

.0287399 

.3428 

299.7 

.4248 

RHENIUM 

LANTHUNUM 

15.16 

.0279035 

.3204 

288.6 

.4205 

IRIDIUM 

LANTHUNUM 

15.16 

.0255027 

.3032 

298.8 

.4203 

PLATINUM 

LANTHUNUM 

15.16 

.0239363 

.4169 

437.8 

.3968 

RHENIUM 

MAGNESIUM 

15.16 

.0224158 

.2959 

331.7 

.4156 

IRIDIUM 

CALCIUM 

15.16 

.0192690 

.3115 

406.3 

.4034 

PLATINUM 

SILICON 

15.16 

.0178079 

.2569 

362.5 

.4287 

TONGS  TIN 

CERIUM 

15.16 

.0160911 

.2949 

460.7 

.4019 

GOLD 

BORON 

15.16 

.0246393 

.4054 

413.5 

.3961 

OSMIUM 

MAGNESIUM 

15.16 

.0234231 

.3098 

332.4 

.4169 

OSMIUM 

CALCIUM 

15.16 

.0221929 

.2723 

308.4 

.4263 

OSMIUM 

CERIUM 

15.16 

.0221246 

.3458 

392.9 

.4042 

OSMIUM 

SILICON 

15.16 

.0219311 

.2863 

328.1 

.4206 

06MIUM 

STRONTIUM 

15.16 

.0217801 

.3524 

406.7 

.4019 

06  MI  UN 

BORON 

15.16 

.0215220 

.3461 

404.2 

.4029 

OSMIUM 

ALUMINUM 

15.16 

.0210282 

.3144 

375.7 

.4098 

OSMIUM 

CARBON 

15.16 

.0202206 

.3192 

396.8 

.4118 

RHENIUM 

CARBON 

15.16 

.0201752 

.3002 

374.0 

.4088 

IRIDIUM 

CARBON 

15.16 

.0182316 

.2815 

388.0 

.4087 

PLATINUM 

CARBON 

15.16 

.0166678 

.2975 

448.5 

.4143 

TUNGSTEN 

CARBON 

15.16 

.0153281 

.2581 

423.2 

.4097 

GOLD 

CARBON 

TABLE  A-16-1 
(CONTINUED) 


MIHIMOM  8  ALLOWED  IS  5 

HAVE- 

SOLID 

LENGTH 

ANGLE 

It 

N 

QMMA 

ELMStT  -  B 

ELBfOIT  -  L 

( 

AT  ) 

(  08  ) 

( 

NORMAL  ) 

(STERAD.) 

(INCIDENCE) 

(08  4  DL) 

13.76 

.0319118 

.4399 

504. 6 

.3954 

06  HI  ON 

MAGNESIUM 

13.76 

.0211930 

.4515 

535.5 

.3961 

RHENIUM 

MAGNESIUM 

13.76 

.0211527 

.4224 

501.9 

.3951 

IRIDIUM 

MAGNESIUM 

13.76 

.0211250 

.3460 

411.7 

.4153 

OSMIUM 

CALCIUM 

13.76 

.0204095 

.3515 

432.8 

.4178 

RHENIUM 

CALCIUM 

13.76 

.0191161 

.3661 

481.4 

.4024 

IRIDIUM 

SILICON 

13.76 

.0173747 

.2657 

384.4 

.4249 

PLATINUM 

PRASEODYMIUM 

13.76 

.0157685 

.3014 

480.5 

.4258 

TUNGSTEN 

STRONTIUM 

13.76 

.0146315 

.3318 

569.9 

.4006 

GOLD 

BORON 

13.76 

.0211250 

.3460 

411.7 

.4153 

OSMIUM 

CALCIUM 

13.76 

.0199059 

.2942 

371.4 

.4284 

OSMIIM 

PRASEODYMIUM 

13.76 

.0198436 

.3201 

405.5 

.4195 

OSMIUM 

STRONTIUM 

13.76 

.0198362 

.3818 

483.7 

.4031 

OSMIUM 

SILICON 

13.76 

.0194821 

.3890 

501.9 

.4007 

OSMIUM 

BORON 

13.76 

.0193073 

.3826 

498.1 

.4017 

OSMIUM 

ALUMINUM 

13.76 

.0189510 

.3517 

466.5 

.4081 

06MIUM 

CARBON 

13.76 

.0189510 

.3517 

466.5 

.4081 

OSMIUM 

CARBON 

13.76 

.0182505 

.3371 

464.2 

.4072 

IRIDIUM 

CARBON 

13.76 

.0181562 

.3568 

493.9 

.4100 

RHENIUM 

CARBON 

13.76 

.0166332 

.3192 

482.3 

.4071 

PLATINUM 

CARBON 

13.76 

.0149249 

.3341 

562.6 

.4124 

TUNGSTEN 

CARBON 

13.76 

.0140595 

.2950 

527.4 

.4080 

GOLD 

CARBON 

12.49 

.0193475 

.4748 

616.7 

.3949 

OSMIUM 

MAGNESIUM 

12.49 

.0188728 

.3829 

509.9 

.4141 

OSMIUM 

CALCIUM 

12.49 

.0187512 

.4574 

613.1 

.3946 

IRIDIUM 

MAGNESIUM 

12.49 

.0186313 

.4856 

655.1 

.3956 

RHENIUM 

MAGNESIUM 

12.49 

.0182078 

.3685 

508.7 

.4128 

IRIDIUM 

CALCIUM 

12.49 

.0170538 

.3587 

528.7 

.4212 

RHENIUM 

STRONTIUM 

12.49 

.0156572 

.3848 

617.6 

.4014 

PLATINUM 

SILICON 

12.49 

.0135991 

.4122 

761.9 

.4023 

TUNGSTB) 

BORON 

12.49 

.0130211 

.3618 

698.3 

.4006 

GOLD 

ALUMINUM 

12.49 

.0188728 

.3829 

509.9 

.4141 

OSMIUM 

CALCIUM 

12.49 

.0178007 

.3554 

501.8 

.4185 

OSMIUM 

STRONTIUM 

12.49 

.0176234 

.4182 

596.4 

.4022 

OSMIUM 

SILICON 

12.49 

.0172605 

.4257 

619.9 

.3997 

OSMIUM 

BORON 

12.49 

.0171684 

.4196 

614.3 

.4007 

OSMIUM 

ALUMINUM 

12.49 

.0169050 

.3898 

579.5 

.4067 

OSMIUM 

CARBON 

12.49 

.0165797 

.3248 

492.4 

.4238 

OSMIUM 

XINC 

12.49 

.0169050 

.3898 

579.5 

.4067 

OSMIUM 

CARBON 

12.49 

.0163405 

.3749 

576.6 

.4058 

IRIDIUM 

CARBON 

12.49 

.0161360 

.3945 

614.4 

.4084 

RHENIUM 

CARBON 

12.49 

.0149561 

.3570 

599.9 

.4057 

PLATINUM 

CARBON 

12.49 

.0131850 

.3703 

705.9 

.4108 

TUNGSTEN 

CARBON 

12.49 

.0127047 

.3320 

656.8 

.4065 

GOLD 

CARBON 

TABLE  A-16-1 
(CONTINUED) 


HAVE- 


*  •( 


A-16-16 


SOLID 

UMGm  ANCLE  *  N 


KIN IKON  I  ALLOWED  IS  S 
ELMS'!  -  I  ELMEMT  -  L 


( 

AT  ) 

< 

DS  > 

( 

NOSMAL  1 

(■ 

- ) 

(tTSAD.) 

(INCIDENCE) 

(ON  ♦  DL) 

11.34 

.0170552 

.3785 

557.8 

.4262 

OSNXOM 

EUROPIUM 

11.34 

.0169555 

.5103 

755.9 

.3945 

OSMIUM 

MAGNESIUM 

11.34 

.0166923 

.4208 

633.6 

.4129 

OSMIUM 

CALCIUM 

11.34 

.0165173 

.4938 

751.3 

.3942 

IRIDIUM 

MAGNESIUM 

11.34 

.0165173 

.4938 

751.3 

.3942 

IRIDIUM 

NAWESIOM 

11.34 

.0160507 

.4259 

666.9 

.4151 

RHENIUM 

CALCIUM 

11.34 

.0140801 

.3614 

644.6 

.4163 

PLATINUM 

STRONTIUM 

11.34 

.0121346 

.4387 

908.7 

.4044 

TUMGSTBI 

SILICON 

11.34 

.0116782 

.4063 

874.5 

.3987 

GOLD 

BORON 

11.34 

.0169669 

.5103 

755.9 

.3945 

OSMIUM 

NAOIBSIUM 

11.34 

.0166923 

.4208 

633.6 

.4129 

OSMIUM 

CALCIUM 

11.34 

.0158163 

.3918 

622.6 

.4177 

OSMIUM 

STRONTIUM 

11.34 

.0155041 

.4551 

737.8 

.4014 

OSMIUM 

SILICON 

11.34 

.0151326 

.4628 

768.7 

.3988 

OSMIUM 

BORON 

11.34 

.0151226 

.4570 

759.5 

.3999 

OSMIUM 

ALUMINUM 

11.34 

.0149117 

.4283 

721.9 

.4054 

OSMIUM 

CARBON 

11.34 

.0149117 

.4283 

721.9 

.4054 

OSMIUM 

CARBON 

11.34 

.0144763 

.4137 

718.3 

.4046 

IRIDIUM 

CARBON 

11.34 

.0142254 

.4333 

765.5 

.4071 

RHENIUM 

CARBON 

11.34 

.0133126 

.3960 

747.7 

.4045 

PLATINUM 

CARBON 

11.34 

.0115034 

.4067 

888.5 

.4093 

TUNGSTBJ 

CARBON 

11.34 

.0113888 

.3713 

819.3 

.4052 

SOLD 

CARBON 

10.30 

.0155575 

.4428 

715.4 

.4192 

OSMIUM 

GERMANIUM 

10.30 

.0151181 

.4298 

714.4 

.6178 

IRIDIUM 

GERMANIUM 

10.30 

.0150244 

.4479 

749.2 

.4219 

RHENIUM 

GERMANIUM 

10.30 

.0147759 

.5448 

926.6 

.3941 

OSMIUM 

MAGNESIUM 

10.30 

.0144378 

.5289 

920.8 

.3938 

IRIDIUM 

MAGNESIUM 

10.30 

.0139776 

.4621 

831.0 

.4140 

RHENIUM 

CALCIUM 

10.30 

.0124402 

.3970 

802.1 

.4155 

PLATINUM 

STRONTIUM 

10.30 

.0105349 

.4358 

1039.6 

.4005 

GOLD 

SILICON 

10.30 

.0100792 

.4732 

1179.9 

.4017 

TUNGSTB' 

ALUMINUM 

10.30 

.0147759 

.5448 

926.6 

.3941 

OSMIUM 

MAGNESIUM 

10.30 

.0145311 

.4568 

790.0 

.4118 

OSMIUM 

CALCIUM 

10.30 

.0136409 

.4267 

774.8 

.4169 

OSMIUM 

STRONTIUM 

10.30 

.0134360 

.6897 

916.0 

.4007 

OSMIUM 

SILICON 

10.30 

.0131361 

.4923 

941.8 

.3992 

OSMIUM 

ALUMINUM 

10.30 

.0130606 

.4973 

957.0 

.3910 

OSMIUM 

BORON 

10.30 

.0129370 

.4645 

902.5 

.4043 

OSMIUM 

CARBON 

10.30 

.0129370 

.4645 

902.5 

10.30 

.0124053 

.4503 

897.0 

10.30 

.0123470 

.4699 

956.6 

10.30 

.0116523 

.4332 

934.3 

10.30 

.0100346 

.4091 

1024.7 

10.30 

.0091322 

.4400 

1124.7 

4043 

OSMIUM 

CARBON 

4035 

IRIDIUM 

CARBON 

4056 

RHENIUM 

CARBON 

4034 

PLATINUM 

CARBON 

4041 

GOLD 

CARBON 

4070 

TUNGSTB' 

CARBON 

TABLE  A-16-1 
(CONTINUED) 


A-16-17 


KXNXMOM  t  ALLONED  U  S 


nn- 

•OLID 

L1MCTK 

JINGLE 

R 

N 

GJMMA 

RLMEHT  -  0 

fllMTWT  -  L 

(  at 

) 

(  no  ) 

(  ROMM.  ) 

( - j 

(RIMS.) 

(XNCXMMG 

0 

(00  ♦  DL) 

*.35 

.0120010 

.4041 

709.7 

.4377 

00)0  OM 

MAGNESIUM 

•  .35 

.0125407 

.3930 

707.5 

.4357 

IRIDIUM 

NAOtESIUM 

•  .35 

.0124794 

.4906 

900.0 

.4100 

OSMIUM 

CALCIUM 

•  .35 

.0123909 

.4076 

026.2 

.4416 

MSENXIM  ^  ^ 

MAGNESIUM 

•  .35 

.0121904 

.4777 

904.0 

.4097 

IRIDIUM 

CALCIUM 

•  .35 

.0114950 

.4651 

1016.0 

.4107 

RHENIUM 

STRONTIUM 

•  .35 

.0105109 

.4926 

1177.9 

.3994 

PLATINUM 

SILICON 

•  .35 

.0090101 

.4747 

1324.0 

.3904 

SOU) 

ALUMINUM 

•  .35 

.0004470 

.5226 

1554.9 

.4001 

RHODIUM 

BORON 

•.35 

.0124794 

.4906 

900.0 

.4108 

OBNXOM 

CALCIUM 

•.35 

.0119599 

.4603 

967.3 

.4161 

OSMIUM 

STRONTIUM 

•  .35 

.0115026 

.5222 

1140.9 

.4000 

OSMIUM 

SILICON 

•  .35 

.0113097 

.5260 

1168.8 

.3985 

OSMIUM 

ALUMINUM 

•  .35 

.0111230 

.5293 

1195.9 

.3972 

OSMIUM 

BORON 

9.35 

.0110657 

.4985 

1132.3 

.4032 

OSMIUM 

CARBON 

9.35 

.0102840 

.3264 

797.5 

.4464 

06MIUM 

BOLINIUM 

9.35 

.0110657 

.4985 

1132.3 

.4032 

OSMIUM 

CARBON 

9.35 

.0100284 

.4050 

1125.6 

.4024 

IRIDIUM 

CARBON 

9.35 

.0105065 

.5052 

1199.3 

.4046 

RHBJIUM 

CARBON 

•  .35 

.0100744 

.4689 

1169.7 

.4024 

PLATINUM 

CARBON 

•  .35 

.0087317 

.4457 

1282.8 

.4030 

SOLD 

CARBON 

•  .35 

.0003461 

.4041 

1457.7 

.4070 

RHODIUM 

CARBON 

0.49 

.0115547 

.3882 

044.4 

.4555 

OSMIUM 

THULIUM 

0.49 

.0113271 

.3787 

040.2 

.4530 

IRIDIUM 

THULIUM 

0.49 

.0111940 

.3930 

882.3 

.4586 

RHENIUM 

THULIUM 

0.49 

.0106539 

.3659 

063.3 

.4528 

PLATINUM 

THULIUM 

0.49 

.0103209 

.5006 

1238.6 

.4088 

IRIDIUM 

CALCIUM 

0.49 

.0098701 

.4259 

1004.6 

.4402 

RHENIUM 

MAGNESIUM 

0.49 

.0093521 

.4654 

1250.7 

.4140 

PLATINUM 

STRONTIUM 

0.49 

.0070947 

.5117 

1629.1 

.3970 

GOLD 

ALUMINUM 

0.49 

.0077362 

.5565 

1807.9 

.4032 

RHODIUM 

SILICON 

0.49 

.0105097 

.5205 

1244.6 

.4099 

OSMIUM 

CALCIUM 

0.49 

.0102465 

.4221 

1035.3 

.4363 

OSMIUM 

MAGNESIUM 

0.49 

.0101469 

.4908 

1215.7 

.4154 

OSMIUM 

STRONTIUM 

0.49 

.0096752 

.5511 

1431.5 

.3994 

OSMIUM 

SILICON 

0.49 

.0096711 

.5501 

1450.4 

.3900 

OSMIUM 

ALUMINUM 

S.49 

.0092093 

.5570 

1507.1 

.3966 

OSMIUM 

BORON 

0.49 

.0092718 

.5204 

1432.2 

.4021 

OSMIUM 

CARBON 

0.49 

.0092718 

.5284 

1432.2 

0.49 

.0091235 

.5159 

1421.1 

0.49 

.0080938 

.5365 

1516.2 

0.49 

.0005617 

.5014 

1472.0 

0.49 

.0074704 

.4796 

1611.7 

0.49 

.0073021 

.5275 

1015.6 

4021 

OSMIUM 

CARBON 

4014 

IRIDIUM 

CARBON 

4036 

RHENIUM 

CARBON 

.4014 

PLATINUM 

CARBON 

.4019 

GOLD 

CARBON 

,4069 

RHODIUM 

CARBON 

ABLE  A-16-1 
(CONTHron» 


A-16-18 


MINIMUM  8  ALLONED  It  S 


nave- 

UKTI 

tout 

ANGLE 

R 

■ 

mjgut 

ELBtBfT  -  ■ 

KLIMENT  -  L 

7.71 

(STERAD.) 

.0015**0 

.5456 

(  AT  ) 

(  NORMAL  ) 
(INCIDENCE) 

1594.5 

(  ON  ) 

( - > 

(ON  ♦  DL) 

.4088 

OSMXOH 

CALCIUM 

7.71 

.008S197 

.5356 

1580.1 

.4078 

IRIDIUM 

CALCIUM 

7.71 

.0083859 

.5163 

1547.4 

.4146 

OSMIUM 

STRONTIUM 

7.71 

.0083525 

.5549 

1669.8 

.4109 

RHENIUM 

CALCIUM 

7.71 

.0083063 

.5069 

1533.7 

.4134 

IRIDIUM 

STRONTIUM 

7.71 

.0080549 

.4500 

1404.1 

.4389 

RHENIUM 

MAGNESIUM 

7.71 

.0075324 

.5540 

1848.3 

.3982 

PLATINUM 

SILICON 

7.71 

.0063541 

.5710 

2258.3 

.4061 

RBOOIUM 

CARBON 

7.71 

.0063348 

.5389 

2138.1 

.3958 

GOLD 

BORON 

7.71 

.0083859 

.5163 

1547.4 

.4146 

OSMIUM 

STRONTIUM 

7.71 

.0083264 

.4448 

1342.7 

.4349 

OSMIUM 

MAGNESIUM 

7.71 

.0079439 

.5755 

1820.8 

.3987 

OSMIUM 

SXLIOOM 

7.71 

.0075345 

.5521 

1841.5 

.4012 

OSMIUM 

CARBON 

7.71 

.0075335 

.5789 

1931.2 

.3959 

OSMIUM 

BORON 

7.71 

.0074203 

.3665 

1241.2 

.4524 

OSMIUM 

ALUMINUM 

7.71 

.0070121 

.4362 

1563.4 

.4263 

OSMIUM 

SCANDIUM 

7.71 

.0075345 

.5521 

1841.5 

.4012 

OSMIUM 

CARBON 

7.71 

.0074839 

.5416 

1818.8 

.4005 

IRIDIUM 

CARBON 

7.71 

.0072576 

.5618 

1945.6 

.4025 

RHENIUM 

CARBON 

7.71 

.0071260 

.5303 

1870.4 

.4005 

PLATINUM 

CARBON 

7.71 

.0063541 

.5710 

2258.3 

.4061 

RHODIUM 

CARBON 

7.71 

.0063302 

.5848 

2321.9 

.4077 

RUTHENIUM 

CARBON 

7.00 

.0066911 

.5521 

2073.7 

.4068 

IRIDIUM 

CALCIUM 

7.00 

.0066423 

.5252 

1987.3 

.4129 

IRIDIUM 

STRONTIUM 

7.00 

.0066146 

.5575 

2118.4 

.4078 

06  MI  UN 

CALCIUM 

7.00 

.0065676 

.5475 

2095.0 

.4068 

PLATINUM 

CALCIUM 

7.00 

.0065656 

.5300 

2028.9 

.4140 

OSMIUM 

STRONTIUM 

7.00 

.0063143 

.4468 

1778.3 

.4316 

PLATINUM 

MAGNESIUM 

7.00 

.0061648 

.6070 

2474.4 

.3992 

RHENIUM 

SILICON 

7.00 

.0054738 

.6117 

2808.6 

.4053 

RHODIUM 

CARBON 

7.00 

.0053958 

.6584 

3066.9 

.3994 

ruthuxun 

BORON 

7.00 

.0066423 

.5252 

1987.3 

.4129 

IRIDIUM 

STRONTIUM 

7.00 

.0064464 

.4516 

1760.8 

.4318 

IRIDIUM 

MAGNESIUM 

7.00 

.0063424 

.5847 

2316.8 

.3976 

IRIDIUM 

SILICON 

7.00 

.0058253 

.5806 

2504.8 

.3950 

IRIDIUM 

BORON 

7.00 

.0058210 

.5558 

2399.7 

.3997 

IRIDIUM 

CARBON 

7.00 

.0054355 

.4436 

2051.1 

.4233 

IRIDIUM 

SCANDIUM 

7.00 

.0054105 

.3602 

1673.4 

.4500 

IRIDIUM 

ALUMINUM 

7.00 

.0058210 

.5558 

2399.7 

7.00 

.0057308 

.5615 

2462.3 

7.00 

.0057072 

.5509 

2425.8 

7.00 

.0056282 

.5760 

2572.0 

7.00 

.0054738 

.6117 

2808.6 

7.00 

.0054433 

.6262 

2891.3 

3997 

IRIDIUM 

CARBON 

4003 

OSMIUM 

CARBON 

3997 

PLATINUM 

CARBON 

4016 

RHBIXUM 

CARBON 

4053 

RHODIUM 

CARBON 

4070 

RUTHENIUM 

CARBON 
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(  AT  ) 

(  NORMAL  ) 
(INCIDWCE) 

2915.0 

(  ON  ) 

( - ) 

(DR  ♦  DL) 

.4149 

■SODIUM 

CALCIUM 

(.35 

.0055303 

.(573 

2917.2 

.417( 

RUTHENIUM 

CALCIUM 

(.35 

.0053529 

.5329 

2501.1 

.4475 

RHODIUM 

MAGNESIUM 

(.35 

.0053115 

.5434 

2571.3 

.4522 

RUTHENIUM 

MAGNESIUM 

(.35 

.0053115 

.5434 

2571.3 

.4522 

RUTHENIUM 

MAGNESIUM 

(.35 

.0043115 

.3(57 

2131.7 

.452( 

PLATINUM 

STRONTIUM 

(.35 

.0041(20 

.3707 

2231. ( 

.4521 

BOLD 

SILICON 

(.35 

.003(517 

.(051 

41(4.5 

.4051 

SILVER 

CARBON 

(.35 

.003(1(9 

.(02( 

4187.2 

.39(5 

NICKEL 

BORON 

(.35 

.0053529 

.5329 

2501.0 

.4475 

RHODIUM 

IAGNESIUM 

(.35 

.005152( 

.4503 

2195.5 

,471( 

RHODIUM 

STRONTIUM 

(.35 

.0051057 

.4571 

2250.0 

.4(89 

RHODIUM 

SILICON 

(.35 

.004(590 

.(501 

3499.4 

.4048 

RHODIUM 

CARBON 

(.35 

.004(1(9 

.(7(3 

3(92.5 

.3978 

RHODIUM 

BORON 

(.35 

.0044289 

.4994 

2833.7 

.4450 

RBODIUM 

YTTRIUM 

(.35 

.004413( 

.5225 

2975.9 

.43(8 

RHODIUM 

SCANDIUM 

(.35 

.0045(90 

.(501 

3499.4 

.4048 

RBODIUM 

CARBON 

(.35 

.004(173 

.((39 

3(13. ( 

.40(4 

RUTHENIUM 

CARBON 

(.35 

.0040042 

.5440 

3414.4 

.3989 

PLATINUM 

CARBON 

(.35 

.00390(2 

.5457 

3510.9 

.3993 

QOLD 

CARBON 

(.35 

.003(517 

.(051 

41(4.5 

.4051 

SILVER 

CARBON 

(.35 

.003(100 

.5730 

3989.1 

.4024 

NICKEL 

CARBON 
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